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1 Introduction: Why Fourier?

Duringthepreparatiorof thistutorial,| foundthatalmostall thetextbookson dig-
ital imageprocessindhave a sectiondevotedto the Fourier Theory Most of those
describesomeformulasandalgorithms,but one caneasilybe lostin seemingly
incomprehensiblenathematics.

Thebasicideabehindall thosehorriblelooking formulasis rathersimple,even
fascinating:it is possible to form any function f(z) as a summation of a series
of sine and cosine terms of increasing frequency. In otherwords,arny spaceor
time varyingdatacanbetransformednto a differentdomaincalledthe frequency
gpace. A fellow called JosephFourier first cameup with the ideain the 19th
century andit wasprovento be usefulin variousapplicationsmainly in signal
processing.

1.1 Frequency Space

Let ustalk aboutthis frequency space beforegoing ary furtherinto the details.
Thetermfrequengy comesup alot in physics,assomevariationin time, describ-
ing the characteristicef someperiodicmotionor behaior. Thetermfrequeng
thatwe talk aboutin computervision usuallyis to do with variationin brightness
or color acrosstheimage,i.e. it is a function of spatialcoordinatesratherthan
time. Somebooksevencall it spatial frequency.

For example,if animagerepresenteth frequeng spacehashigh frequencies
thenit meansthat the imagehassharpedgesor details. Let's look at figure 1,
which shaws frequeng graphsof 4 differentimages. If you have troubleinter-
pretingthe frequeng graphson thetop low; Thelow frequeny termsareon the



Figurel: Imagesn the spatialdomainarein the middlerow, andtheir frequeng
spaceareshovn onthetop row. Thebottomrow shows thevarying brightnesof
thehorizontalline throughthe centerof animage.

(Takenfrom p.1780f [1].)



Figure2: Imageswith perfectlysinusoidalariationsin brightnessThefirst three
imagesare representedy two dots. You can easily seethat the position and
orientationof thosedotshave somethingo do with whattheoriginalimagelooks
like. The4thimageis the sumof thefirst three.

(Takenfrom p.1770f [1].)

centerof the square,andtermswith higher magnitudeare on the outer edges.
(Imaginean invisible axis with its origin at the centerof the square.)Now, the
frequeng spaceonthetop left consistof higherfrequenciesiswell aslow ones,
sotheoriginal imagehassharpedges.The secondmagefrom theleft, however,
is muchfuzzier, andof coursehefrequeng graphfor it only haslowerfrequeng
terms.

Anotherthing to noteis thatif animagehasperfectlysinusoidal variationsin
brightnessthenit canbe representedby very few dotson the frequengy image
asshovn in figure 2. Fromthoseimagesyou canalsoseethatregularimagesor
imagesf repeatingpatterngeneratdéewer dotsonthefrequeng graph,compared
to imageson figure 1 which don't have ary repeatingpattern.

1.2 So, What'sthe Point?

Frequeng domain offers someattractve advantagesor image processing. It
malkeslarge filtering operationamuchfaster andit collectsinformationtogether
in differentwaysthatcansometimeseparatsignalfrom noiseor allow measure-
mentsthat would be very difficult in spatialdomain. Furthermore the Fourier



transformmakesit easyto go forwardsandbackwardsfrom thespacialdomainto
thefrequeny space.

For example,saywe hadanimagewith someperiodicnoisethatwe wanted
to eliminate.(Justimaginea photocopiedmagewith somedirty gray-ishspotsin
aregularpattern.)If we corverttheimagedatainto thefrequeng spaceary peri-
odic noisein theoriginalimagewill shawv up asbright spotsonthestardiagrant.
If we “block out” thosepointsandapplythe inverseFouriertransformto getthe
original image,we canremove mostof the noiseandimprove visibility of that
image.(Seefigure 3 for thedemonstration.)

More advantagef Fourier methods,andits applicationswill be discussed
laterin thetutorial.

2 Bascs

Beforereally getting onto the main part of this tutorial, let us spendsometime
on mathematicabasics.If you have soundbackgroundn mathematicsthenyou
may skip this sectionandgo to the next section.

2.1 Representing Complex Numbers

A complex numbercanbewritten as
R+,

whereR and/ arerealnumbersandi is equalto /—1. R denotesarealpart,and
I denotesanimaginarypartof a complex number Realnumberscanbe thought
of asthesubsebf complex numberswherel = 0.

Example:1 + 2i, whereR = 1 and/ = 2.

Geometricallyspeaking real numberscanfit on aninfinitely longline in the
1 dimensionakpace.If we give onemoredimensionto it, thenwe canrepresent
evenmorenumbersj.e. numberghatsitabose andbelow theline of realnumbers.
Thus,complex numberssit on a planeratherthanaline. The horizontalaxis of
suchrepresentatiors calledthereal axis, andtheverticalaxistheimaginary axis.
Thus,acomple« numberR + i is coordinate R, ) onthis plane.

Example:1 + 2i ison (1, 2) of thecomplex numberplane.

1A representationf animagedatain frequengy space.



Figure3: (a) Ourdirty looking photocopiedmage.(b) Therepresentationf our
imagein the frequeng spacej.e. the stardiagram.Look, you canseestars! (c)
Thosestars,however, do no goodto theimage,sowe rub themout. (d) Recon-
structtheimageusing(c) andthosedirty spotson theoriginalimagearegone!
(Imagestakenfrom p.2040f [1].)



The analogyof complex numbersbeingcoordinaten a planeletsusrepre-
sentacomplex numberin adifferentway. In theabove paragraphwe talkedabout
acomple« numberasarectangular coordinate, but we canalsowrite it asa polar
coordinate, i.e. in termsof its distancerom the origin (magnitude)andtheangle
thatit makeswith the positive realaxis (angle):

r(cosf +isinf),

wherer = VR? + I2, andf = tan ' (£). Thefactthatcos § = £ andsin 6 = £
makesit obvious thatthe two forms of representatiomienotethe samecomple
number

Example:1 + 2i canalsobe expressedis/3(cos § + isin §), wheretan § =
% = 2 which makesf = 64.435 degrees.The magnitudes /3 andthe angleis
64.435 degreesor 1.107 radians.

2.2 Euler’'sFormula

Euler'sformulais: 4

e = cosf + isinf, (1)
wheree = 2.71828 - - -, and@ is ananglewhich canbe ary realnumber Thisis
provento betruefor arny realnumberd.

This givesyet anotherepresentationf complex numberdo be:
Teie,
wherer is themagnitudeof a polarform of complex numberandé is theangle.

Example:1 + 2i canalsobeexpresseds+/3e, wheref = 64.435 degreesor
1.107 radians.

In sometextbooks,a complex numberis often expressedn the form of the
Euler’s formulawithoutindicatingso. (It is the casespeciallyin theformulasas-
sociatedwith the Fouriertransforms.)f you seeanythingin theform of re', that
be surethatyou know thatis is justanordinarycomplex number Furthermore(
usuallymeangheanglein radiansif notindicatedotherwise.

3 Fourier Transform

First,we briefly look at the Fouriertransformin the purely mathematicapoint of
view, i.e. we will talk about“continuous”or “infinite” things. | will assumehat
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you know what mathematicabymbolslike 7, ande means,andyou are famil-
iar with the complex numbers.Bewarethatthe upcomingsectionhave complex
mathematicin it, soif you suffer from “integral-o-phobia'thenjust skimthrough
to the next sectionandlook at the discreteFouriertransform.Remembethatthe
Fouriertransformof afunctionis a summatiorof sineandcosinetermsof differ-
entfrequeng. Thesummatiorcan,in theory consistof aninfinite numberof sine
andcosineterms.

3.1 Equations

Now, let f(x) beacontinuoudunctionof arealvariablex. TheFourier transform
of f(x) is definedby theequation:

Flu)= [ fa)erda, 2)
wherei = y/—1 andu is often calledthe frequency variable. The summationof
sinesandcosinegnight notbe apparenjust by looking atthe above equation put
applyingEuler’'s equation(seeEq. 1 in the previous section)gives
F(u) = /lioo f(z)(cos 2muz — isin 2rux)dx. (3)
GivenF'(u), we cangobackwardsandget f (x) by usinginverse Fouriertrans-
form:

—0oQo

fla) = / F(u)e®™dy, 4)

[e.e]

Equations2 and4 arecalled Fourier transform pairs, andthey exist if f(z)
is continuousandintegrable,and f(u) is integrable. Theseconditionsareusually
satisfiedn practice.

Note thatthe only differencebetweenthe forward andinverseFourier trans-
formis thesignabove e, whichmakesit easyto go backandforth betweerspatial
andfrequeng domainsijt is oneof thecharacteristicthatmake Fouriertransform
useful.

Someof you might askwhat F'(u) is. F'(u)'s arethe datain the frequency
space thatwe talkedaboutin thefirst section.Evenif we startwith arealfunction
f(z) in spatialdomain,we usually end up with complex valuesof F'(u). It is
becausa realnumbemultiplied by a complex numbergivesa complex number
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Figure4: A simplefunctionandits Fourierspectrum.
(Takenfrom p.830f [2].)

so f(x)e?™ s comple, thusthe sumof thesetermsmustalsogive a comple
numberi.e. F(u). Therefore,

F(u) = R(u) + ¢ (u),

where R(u) is areal componeni{termsthatdon't have i), and 7 (u) is animag-
inary component(termsthatinvolve ;) whenyou expandthe equation 3. (The
“(u)” partis just thereto remindyou thatthe termsarethe functionsof «.) Just
like any othercomplex numberswe canalsowrite it in the polar form, giving
F(u) = r(sinf + icosf) = re?. In mostof the textbooks, this form of the
Fouriertransformis written as

F(u) = | F(u)]e”, (5)

but it’ s essentiallythe samething.

There are somewords that we use frequently when talking about Fourier
transform. The magnitude|'(u)| from equation 5 is called the Fourier spec-
trum of f(x) andf(u) is phase angle. The squareof the spectrum,|F(u)|* =
R%*(u) + I*(u) is oftendenotedas P(u) andis calledthe power spectrumof f(z).
Theterm spectral density is alsocommonlyusedto denotethe power spectrum.
The Fourier spectrumis often plottedagainstvaluesof «. The Fourier spectrum
is usefulbecausé canbeeasilyplottedagainst: on a pieceof paper (Seefigure
4 for anexampleof the Fourier spectrum.)Note that '(u)'s themselesarehard
to plot againstu onthe2-D planebecause¢hey arecomplex numbers.



3.2 Discrete Fourier Transform

Now thatyouknow athing or two aboutFouriertransformwe needto figureouta
wayto useit in practice.Goingbackto theexamplewherewe transformanimage
by taking brightnessvaluesfrom pixels, thosepixel valuesare never continuous
to begin with. (Remembethatthe Fouriertransformwe talked aboutin previous
sectionwasabouta continuoudunction f(z).) Ourmathematiciansameup with
agoodsolutionfor this, namelythe discrete Fourier transform.

Given N discretesamplesf f(z), sampledn uniform steps,

1 N-1
_ Z f —zQﬂ'ua:/N (6)
foru=0,1,2,...,N —1,and
N-1 ]
fla) =32 Flueme/t ()
u=0

forz =0,1,2,...,N — 1.

Notice thatthe integral is replacedby the summationwhich is a simple*“for
loop” whenprogramming For thoseof youwhoarecurious thecalculationinside
¥ is multiplying f(z) = R + Ii with e”?™@/N = cos (p) — isin (p) wherep =
2ru.

f(x) *e?™e/N — (R4 Ii) % (cos (p) — isin (p))
= Rcos(p) — Risin (p) + Iicos (p) — i sin (p)
= Rcos(p) — Risin (p) + Iicos (p) + I sin (p)
= (Rcos(p) + Isin(p)) + i({ cos (p) — Rsin (p)),

whereR, I arerealnumbersand/ = 0 when f(z) is arealnumber

Theimplementatiorof this transformin C is includedin the appendixbut in
themeantime, hereis the pseudo-codé C stylewhich I’'m surewill make some
readerdhapyy:

/* Data type for N set of conplex nunbers */
double fX[N[2];
double Fu[N[2];

/* Fourier transformto get F(O0)...F(N1) */



for (u=0; u<N, u++) {
for (k=0; k<N, k++) {
p = 2*Pl *u*k/ N,
[* real */
Fu[u][0] += fx[k][O]*cos(p) + fx[Kk][1]*sin(p);
/* i magi nary */
Fu[ul[1] += fx[k][1] *cos(p) - fx[k][O]*sin(p);
}
/* multiply the result by 1/ N */
Fu[ u] [ 0] / =N;
Fu[u]l[1]/=N;

3.3 Fast Fourier Transform

The discreteFourier transformallows us to calculatethe Fourier transformon a
computey but it is not so efficient. The numberof complex multiplicationsand
additionsrequiredto implementEq. 6 and7 is proportionako N2. For every F'(u)
thatyou calculateyou needto useall f(0), ..., f(N — 1) andthereareN F'(u)'s
to calculate.

It turns out properdecompositiorof Eq. 6 can make the numberof multi-
plication and addition operationgproportionalto N log, N. The decomposition
proceduras calledthefast Fourier transform (FFT) algorithm. Therearenumber
of differentwaysthatthis algorithmcanbeimplementedandwe will notdiscuss
this furtherin this tutorial. For thoseof youwho areinterestedthereis a section
devotedto this algorithmin “NumericalRecipesn C”.

3.4 Applicationsof Fourier Transform

Therearemary situationsin GraphicsandVision, speciallyin imageprocessing
andfiltering, whereFouriertransformis useful.

The Fourier methodis often usedon imagesfrom astronomymicrobiology
imagesof repetitve structuresuchascrystalsandsoon. It is becaus¢he Fourier
transformis good for identifying a periodic componentor lattice in an image.
Identifying regular patternson animagehasotheradwantagedik e removing reg-
ular dirty spotsor noisefrom animageasillustratedin figure 3.

The examplein figure 5 alsoshavs anotherapplicationof the Fourier trans-
form; SomeFourier component®f higherfrequeny canbe removedto achiese
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Figure5: Top: Lineswith zaggyedgesandthefrequeny componentsBottom:
Remawing somefrequeny componentsesultsin smoothetines.
(Takenfrom p.180-1900f [1].)
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anti-aliasingeffect, i.e. removing ugly zaggyedges.

Thereareothertechniquesssociateavith Fouriertransformnamelycorvolu-
tion theory correlation,sampling,reconstructionimagecompressionandmore.
Sincemuch of thesetopicswere coveredin Graphicscourse,l will include no
further Insteadtherestof thetutorial will focuson a particularapplicationof the
Fouriertheory namelythe Fourierdescriptors.

4 Fourier Descriptor

The Fourier descriptor is usedto describethe boundaryof a shapein 2 dimen-
sionalspaceusingthe Fouriermethods.

4.1 Parameterization of the Boundary

First, we take N point digital boundaryof a shapeon = -plane. We canchoose
to take all the pixels occupiedby the boundary or we cantake N samplesrom
them. This can be doneby traveling the boundaryanti-clockwisekeepingthe
constanspeedor, say N secondstakingacoordinateavery second[3] suggests
a methodfor choosingan appropriatespeed,which is out of the scopeof this
tutorial,sol will leaveit to my keenreadergo look it up.

Now we have a completesetof coordinateslescribingthe boundary We can
call eachcoordinate(z , ) where0 N — 1. Youwill have no trouble
imagining thesecoordinateglotted on the = -plane. Let us replacethe labels
on eachaxis; namethe horizontalaxis R for “real”, andthe vertical axis I for
“imaginary”. Now on the graphyou have complex numbersthat you know and
love. We cancall those ( )'s,

()= +i

for =0,1,2,..., N — 1. Althoughtheinterpretationof the sequencéasbeen
recastthe natureof the boundaryitself hasnot beenchanged.The advantageof
this representatiors thatit reducesa 2-D into a 1-D problem,i.e. you now have
N comple numbergnsteadof 2* NV realnumbers.
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4.2 Applying Fourier Transform

ThediscreteFourier Transformof () gives

1 N-1 ]
(U) — N Z ( >67L27rum/N’ (8)
=0
foru=0,1,2,..., N — 1. Thecomplex coeficients (u) arecalledthe Fourier

descriptors of theboundaryAppIying inverseFourier Transformto (u) restores

()

N-1 )
()= (we™¥, 9)
u=0
for =0,1,2,..., N — 1. Therestoredpixel valuesareexactly the sameasthe

onesthatwe startedwith.

However, we don't have to take all N pixel valuesto reconstructhe original
image. We can“drop” the Fourier descriptorswith higherfrequenciesecause
their contribution to theimageis very small. Expressinghis asanequation,

-1

()= (we™™, (10)
u=0
where =0,1,2,..., N — 1. Thisis equialentto setting (u) = 0 for all terms
where — 1.

Themoredescriptorg/ou useto reconstructheoriginalimage,i.e. the bigger
the intheEq.10,theclosertheresultgetsto theoriginalimage.(Seefigure6.)
In practice,we canreconstructan imagereasonablywvell eventhoughwe didn’t
useall thedescriptors.

4.3 Geometrical Centroid

Thedescriptor (0) yieldsthegeometricakentroid of the shapewith thex value
givenby thereal part,and valueby the imaginarypart. Consideronly having
the valueof (0) asyour Fourierdescriptoy(and (1) = --- = (N —1) = 0)
we canstill try to reconstructhe original shapefrom it. The resultwe getis
acircle, situatedaboutthe centerof the original shape.This circle is calledthe
geometrical centroid. In fact,eliminatingall but thefirst 2 Fourierdescriptorawill
alwaysresultin acircle. (Prooffoundin p4560f [4].)

The conceptof the geometricalkcentroidrelatesperfectlywell to the Fourier
theoryin general.Whena function f(x) is representeth the frequeny spaceas
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F(u), F(0) is thelowestfrequeng termwhich is the sinusoidmakingthe major
contributionto theimage,i.e. theaveragebrightness.

Talking more aboutthe significanceof this geometricalcentroid, (0) is the
only componentn Fourierdescriptorghatis dependenbn the actuallocationof
the shape.For example,say you hada shapewhich wascenteredn the origin,
andyou calculatedrourier descriptorsof thatimage. Evenif you translatedhe
sameimageto someavhereelseon the plane,you don't have to re-calculatethe
FourierdescriptorsAll you needto adjustis thecentroid, (0).

Moreover, the Fourier descriptorsshouldbe insensitve to othergeometrical
changedik e rotation, scaleand alsothe choiceof the startingpoint. (The pixel
point on the boundarywherewe starttaking coordinatesj.e. (xg, ¢).) It turns
out that the Fourier descriptorsare not strictly insensitve to thesegeometrical
changesbut the changexanberelatedto simpletransformation®n the descrip-
tors. (Table8.10on p.5010f [2] lists somebasicpropertiesof Fourierdescriptors
thatmight helpyou understandhis point.)

4.4 Applications of Fourier Descriptors

Fourier descriptorsare often usedto smoothout fine detailsof a shape.As you
have seenin the previous section,usingthe portion of Fourier descriptordo re-
constructanimagesmoothsout the the sharpedgesandfine detailsfoundin the
originalshape Filteringanimagewith Fourierdescriptorprovidesasimpletech-
niqueof contoursmoothing.

Fourier descriptionof an edgeis alsousedfor templatematching. Sinceall
the Fourier descriptorsexceptthefirst (0) do notdependon the locationof the
edgewithin the plane,this providesa corvenientmethodof classifyingobjects
usingtemplatematchingof an objects contour A setof Fourier descriptorss
computedfor a known object. Ignoring the first componenif the descriptors,
the otherFourier descriptorsare comparedagainstthe Fourier descriptorsof un-
known objects.Theknown object,whoseFourierdescriptorsarethe mostsimilar
to the unknawvn object’s Fourier descriptorsjs the objectthe unknavn objectis
classifiedo.

Fourier descriptorscan also be usedfor calculationof region area,location
of centroid,and computationof second-ordemoments;Describingthe specific
techniquesnvolving Fourier descriptords out of the scopeof this tutorial, but
p.2070f [3] hasvariouspointersto somejournalarticlesfor somefurtherreading
for thosewho arekeen.Somelimitationsof Fourierdescriptorsarealsodiscussed
onthesamepageof [3], againgiving variouspointers.
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Figure6: Examplesof reconstructionsrom FourierdescriptorsM is thenumber
of descriptorgakento reconstruct.
(Takenfrom p.5000f [2].)
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Figure 7: Examplesusing Fourier destéiptors:(a) the original edgeimagewith
1024 edgepixels, (b) 3 Fourier coeficients, (c) 21 Fourier coeficients, (d) 61
Fouriercoeficients,(e) 201 Fouriercoeficients,and(f) 401 Fouriercoeficients.
(Takenfrom p.4570f [4].)



5 Summary and Comments

TheFouriertheoryis basedntheideathatarny functioncanbecomposeaf sines
andcosinef differentfrequenciesin computervision,imagesn the spatialdo-
main canbetransformednto thefrequeny domainby the Fouriertransform.ltis
avery usefultechniquein imageprocessingbecausesomeoperationsandmea-
surementsarebetterbe donein the frequeny spacethanin the spatialdomain.
Theimplementatiorof the Fouriertransformis calleddiscreteFouriertransform
(DFT), and other algorithmslik e fast Fourier transform(FFT) was also devel-
opedto reducethe compleity of the DFT. One of the techniqueghat involve
the Fouriertransformis the Fourier descriptors.They describehe boundaryof a
shapeandholdsvariouspropertieghatareusefulin variousapplications.

The purposeof this tutorial is to give you the basicoverview of the Fourier
theoryaswell asto shov sometechniqueshatusesheFouriertheory Likel said
in theintroduction,therearemary textbooksthat cover the Fouriertheory and|
hopethatyou’ll find thosebookslessdifficult to understandafter going through
this tutorial. Eachtextbooksthat| looked at discusssomavhat differentaspects
of the Fouriertheory soherearesomepointersto “whereto look”:

[2] seemdo be the bookthatis referencedhe most. It, however, hasa hu-
mongouschapterdescribingall sortsof aspectof the Fourier transformwithout
really explaining“why”. The chaptelis alsovery mathematicallynclined,andit
takesa while to seetherelevance. | suggesthatyou look throughthe chapters
whenyou feel somavhatconfidentaboutthetopic.

[1] hasvery goodintroductorychapteron the Fouriertheory It’s rathereasy
to read,andit hasmary goodexamplesandfigures.

[4] hasa good sectionon the Fourier descriptorswith good examplesand
figures. However, it is very basic,andthe authornever discusseshe limitations
of thetechnique.

[3] talks aboutthe Fourier descriptorsn 2 pagesandyetit seemgo contain
the mostinformation. It is very hardto get the basicconceptshut it provides
plenty of pointersto journalarticles.

6 FocusQuestions
Let ustry outafew questiondo make surethatwe learnedsomething:

1 Why is theFouriertransformusefulin computervision andgraphics?
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2 Therearethreewaysof representin@ complex number Expresshe com-
plex numberwhosevalueof thereal partis 3 andtheimaginarypart4, by
usingthosethreerepresentations.

3 You took 4 discretesamplesof brightnessvaluesfrom a scanline of an
image.Thosewere f(0) = 0.5, f(1) = 0.75, f(2) = 1.0 and f(3) = 1.25.
Work outthefirst two datavaluesin frequeng domainby usingthe Fourier
transform,i.e. F'(0) and F'(1). What arethe Fourier spectrumsof these
terms?

4 Whatarethe propertieof the Fourierdescriptor?

5 Whataretheadwantage®f usingtheFourierdescriptorgo describeashape?
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