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Abstract
Wedescribea methodthatpermitsthehighperformancesimulationof �uid phenomenasuch assmoke, with high-
level control for theartist. Our key primitivesare vortex �lament andvortex ring: vorticity de�nesa �ow aswell
asvelocitydoes,andfor numerousinteresting�ows such assmokeor explosionsthis informationis verycompact
and tightly linked to the visual features of the �uid. We treat thesevorticesas 1D Lagrangian primitives (i.e.
connectedparticles),which permitunbounded�uids andveryaccuratepositioningof thefeatures.Thesimulation
of passivedensityparticlesfor renderingis totally independentof the �uid animationitself. Thus,theanimation
canbeef�ciently simulated,editedandevenstored,while the�uid resolutionusedfor renderingcanbearbitrarily
high. We aim at plausible�uids rather than physicalaccuracy. For ef�ciency and stability, we introducea new
formalizationof theBiot-Savartlaw anda modi�ed Biot-Savartkernel.Our modelalsointroducesa hierarchical
�lament structure for animationLOD, turbulentnoise, andanoriginal schemefor densityparticles.

1. Intr oduction

The interest of the Computer Graphics community for
the simulation of gaseousphenomenahas been growing
over time. Various pathshave beenfollowed in order to
betteradaptsolutionsto the peculiar requirementsof CG
applications:Eulerian [KM90, FMb], Lagrangian[MP89],
semi-Lagrangian[Sta99,FSJ01],spectral[Sta01],etc.

A commonchallengeis to obtain the fastest compu-
tation time for the maximum possible �uid resolution.
Knowing that graphicsapplicationstoleratetrading accu-
racy for ef�ciency canhelp in choosinga scheme:e.g. the
unconditionalstability of [Sta99] permitsusing large time
steps.Constraintsdue to the grids in Eulerian methods
are releasedby [SCP� 04]. Mixed models can increase
the apparentresolution by relying on simpler models at
small scales(carried by high level primitives), such as
noise[Ney03,SSEH03]or proceduralmodels[WH91], or
by combining such high-resolutionsimple 3D models to
interpolated2D simulations[RNGF03].

A generalproblem especially important for CG is to
obtaina living �uid : mostmethodssuffer from numerical
dissipation(intrinsic to Eulerians,anddueto resamplingfor

Lagrangians)in which small scaleeddiesdie too quickly.
To counterthis,vorticity con�nementwasintroducedin CG
by [FSJ01], and sub-grid analytical models in [Ney03].
Alternatively anadaptivegrid [LGF04] canbeused.

Anotherchallengeis to easethe control of the �uid by
an artist. The high-level primitives of the mixed models
mentioned above are naturally adapted for this. More
recently, techniqueshave beenproposedto target speci�c
statesof the�uid by controllingthewhole�eld [FL,MTPS],
or by controllingparticles[REN� 04,PCS04].

In this paper, we introducea new pathto CG �uids: sim-
ulation in the 3D vorticity space1. The vorticity spaceis
dual to the velocity space(seeSection2). But numerous
�uid featuresappearmorestructuredin vorticity space,as
a multi-scalecombinationof vortex �laments (swirls, tor-
nadoes)and vortex rings (smoke rings, explosion plumes,
mushroomclouds). In numerousinterestingsituationsthe
�o w is characterizedby a few suchprimitives, which are

1 Note that this path has alreadybeenintroducedto CG in 2D
by [GLG95]. But 3D vorticity is very differentsinceit is vectorial
andhighly spatiallystructured,seeSection2.
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tightly connectedto the visible featuresof the �uid: these
primitivesarethusinterestinghandlesfor usercontrol.We
representthemas1D curves,i.e. connectedparticles.In the
framework permittedby our model, the user can interac-
tively createor modify suchprimitives.Proceduralgenera-
tion canalsobeused,e.g.to introduceturbulent�uctuations,
asamorephysicalfeaturethantheusualnoisefunctions.

The velocity �eld can be reconstructedat any time
from the vorticity �laments thanksto the Biot-Savart law
(3), i.e. the animated�o w is totally de�ned by a few
animatedcurves.Thus,themotioncanbesimulatedquickly.
Moreover, thesecurves can easily be edited,replayedfor
tuning,keyframed,interpolated,or evenstored,in thespirit
of [PCS04].Costly renderingcanbe donelater at arbitrary
resolution, and changing resolution will not modify the
animationcontraryto Eulerianor semi-Lagrangianmethods
(asmentionedin [LF02]).

Inconveniently, eachvorticity elementinducesmotion in
the whole �eld so that computingthe Biot-Savart integral
(3) canbe time consuming.Moreover, local self-induction
cancausenumericalinstabilities.In thispaper, we introduce
a new formalizationwhich inducesa higherorderscheme,
permittinglarger time steps.We alsointroduceanapproxi-
mationwhich permitsanalyticalintegrationandalsostabi-
lizesthesimulation.Moreover, we proposea �lament LOD
scheme.Thus,ourmodelallowsustoef�ciently computethe
velocity inducedatany givenlocationby all the�laments.

Figure 1: Flow in-
ducedby avortex ring
(in red). Smoke parti-
cles are generatedin
thebox.

Section2 reviewstheconcepts,equa-
tions and propertiesrelated to the
vortical aspectsof �uids. In Sec-
tion 3 we revisit theseequationsin
orderto permita higherordersolver,
andwe detail our �lament represen-
tation. Practicaladaptationsarepro-
posedin Section4. In Section5, we
describethe representationand the
simulationof our vortex primitives,
comprisingan adaptive scheme,an
LOD hierarchy anda noisefunction.
Smoke particlesare treatedin Sec-
tion 6. We presentour interactive applicationin Section7
anddiscussresultsin Section8.

2. The Physicsof Vorticity and Filaments

2.1. The Lagrangian Vorticity Expressionof Fluids

Vorticity-basedapproaches– called Vortex methods– are
already used in ComputationalFluid Dynamics [CK00].
They are especiallyadaptedto turbulent �elds and simu-
lation of eddiessince they track thin featuresnicely. Be-
causethe thicknessof thesefeaturescan be far smaller
thanany reasonablegrid cell step,they arealsomoreaccu-
rate[CMOV02]. As aLagrangianapproach,they donotsuf-
fer from thenumericaldissipationwhich tendsto kill small
eddystructureswhenusingEulerianapproaches.

The vorticity www is de�ned as curl(v), also denotedby
r � v (wherev is the velocity). Assumingincompressibil-
ity, massconservationcanbeexpressedasdiv(v) = 0. The
Lagrangianformalismfollows thepropertiesof �uid parcels
representedby particlesadvectedalongthe�o w with veloc-
ity v. TheLagrangianformalismis especiallyadaptedto vor-
ticity sincethe non-zerovorticity is generallyconcentrated
in loci (thevortices)which follow the�o w.

In 2D, theLagrangianvorticity form of theNavier-Stokes
equationfor inviscid �uids is simply dwww

dt = 0. It meansthat
once created,vorticity never dies and is simply advected
alongthe�eld. Handlingthe2D caseis simplesinceit only
requiresvorticesplacedat isolatedparticles.It hasbeenused
in CGby [GLG95].

In 3D, theequationis: dwww
dt

= (www� r )v (1)

It meansthatwhile following the�o w, vorticesarestretched
by its local deformation.The 3D caseis far morecompli-
catedsincethevorticity is avectorandis spatiallystructured
in �laments, which areoften rings (i.e. closedloops).The
strengthof a �lament is de�ned asthecirculationGaround
thetube: G=

Z

L
v � dl =

ZZ

S
www� dS (2)

where S is a crosssectionof the tube and L the border
line of S. This structureof vorticity has several conse-
quences[Bat67,Mar97]:
� Firstly, sincevorticity in a location inducesa rotational
motioneverywherein the�uid, partsof thesame�lament in-
duceeach-other:�lamentsself-inducedeformations(e.g.os-
cillation modes)andglobalmotion(e.g.asmokering moves
straighton due to its self-induction).And of course,�la-
mentsinteractwith eachother. As anexample,two concen-
tric ringswill leapfrogthrougheachother, i.e.onesucksthe
otherwhichwill suckthe�rst right after, andsoon.
� Secondly, �laments never die2 and behave in a peculiar
way whenstretched:asstatedby Kelvin's theorem[Rut89],
the circulationG is constantboth alongthe �lament andin
time, which meansthat thevorticity increaseswhenthera-
dius of the �lament decreasesdueto the stretching!3 This
behavior canbethoughtof astheconservationof theangular
momentum.As the �uid motion createsubiquitousstretch-
ing, vortical areasquickly tend to concentrateinto tubes,
thento increasinglythinner �laments. This complex struc-
ture of turbulent �uids is what makesthemso complicated
to simulate,andexplainswhy theclassicalmethodsloseim-
portantfeatures.

Duetostretching,vortex tubesareoftenassumedtohavea
smallcore(hencethename�lament). Thus,they canbecon-
venientlyrepresentedby a 1D curve plus the circulationG

2 As long asthe inviscid hypothesisis valid. In practice�laments
aredissipatedwhenthey becometoo thin.
3 In particular, turbulenceis madeof adensesoupof very thin very
rapidly rotating�laments.
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ratherthan a very concentratedexplicit www �eld. Sincethe
circulationis preservedover time,no equationis neededfor
theevolutionof thevortex strength.

Lagrangianprimitivesusedin vortex methodscanbe0D
(regularparticles),1D (curvesmadeof connectedparticles)
or even 2D (sincevorticity often startsas a 2D stretched
sheetbetweentwo �uid layersbeforedegeneratinginto vor-
tex tubesthen �laments4). Note that 0D particles[Gha01]
losethe�lament coherency, andthushave to explicitly track
theeffectsof thestretching.

2.2. Reconstructingthe Velocity Field

Recovering v from www, i.e. obtainingv = curl� 1(www), is not
easy. Thesolutionatpointp is givenby theBiot-Savart law:

v(p) =
1
4p

ZZZ

x

www(x) � (p � x)
jp � xj3

dx (3)

Threecommentscanbemadeaboutthis formula:
� Firstly, the solution of curl� 1(www) is not unique: Equa-
tion (3) only providesa divergence-freesolution,to which
wecanaddany velocity �eld vh satisfyingbothcurl(vh) = 0
andthe�uid hypotheses(massconservation,boundarycon-
ditions).This harmonic�eld vh correspondsto a solutionof
the �o w usingthe simplestassumptions.In vorticity-based
physicalmethods,it is solvedseparately. In ourcase,wewill
assumeit is givenby theuser(or simplyzero),sothatin the
following we do not handleit explicitly andwe only con-
sidertheBiot-Savart solution.
� Secondly, evaluatingEquation(3) at p using numerical
integration is expensive, sinceit is performedwith x over
theentirespace.To avoid this cost,Vortex-In-Cell methods
rely insteadon a �nite differencesolver on a grid to invert
curl(www), with thevariousdrawbacksassociatedto grid sam-
pling (comprisingdissipation).Weintroduceanalyticalinte-
grationandLODs to avoid thiscost.
� Thirdly, theintegranddivergesatp = x, whichcorresponds
to the evaluationof local self-induction.This canleadto a
singularity5, or at leastto numericalinstabilities.Wewill in-
troduceamodi�ed Biot-Savart kernelto avoid this.

2.3. Boundary Conditions

Incomingandoutgoing�ux aretypically accountedfor by
the harmoniccomponentof the velocity �eld (i.e. by solv-
ing with thedivergence-freeirrotationalassumption).Inter-
actionwith objectsis not easyfor pureLagrangianvortex
methods(seesectionon future work). Nevertheless,some
simplesituationscanbe handledeasily: it hasbeenshown
in [LNC91] thattheinteractionof a ring �lament with a �at
borderwith slip condition(i.e. only the normalcomponent

4 Known astheKelvin-Helmholtzinstability.
5 And it doesfor severaltheoretical�lament models,which makes
their theoreticalstudysocomplicated[Mar97].

of velocity cancel)is equivalentto theinteractionof the�l-
amentwith its mirror image.Notethattheno-slipcondition
canbeobtainedby insertingvorticity neartheboundaryso
thatthetangentcomponentof thevelocitycancel.

3. Our Choiceof Representationand Solver

In Vortex Methods,theBiot-Savart law providestheveloc-
ity of every particle. We proposea new formalization of
this law (detailedin Section3.1), introducinga whirl op-
eratorwhich letsus recover higherorderinformationabout
thetrajectoryof particles.This improvestheprecisionof our
solver(presentedin Section3.3)andthereforepermitslarger
timesteps.

3.1. Our Biot-Savart Reformulation

Let usconsidera rotationof centerx, anglejwwwj andaxiswww.
Thevelocity of this rotationat a point p is www� (p � x), and
canberepresentedby a4� 4 matrix,calledrotationvelocity
matrix:

Tx� www
www =

0

B
B
@

0 � wwwz wwwy xywwwz � xzwwwy
wwwz 0 � wwwx xzwwwx � xxwwwz

� wwwy wwwx 0 xxwwwy � xywwwx
0 0 0 0

1

C
C
A (4)

This matrix is sparseandhasonly 6 degreesof freedom.It
canberepresentedby two 3D vectors6 www andx � www. We in-
troduceanoperatorT anddenoteby Tx� www

www theabovematrix.
NotethattheoperatorT is linear:

Tb1+ b2
a1+ a2

= Tb1
a1 + Tb2

a2 ; Tab
aa = aTb

a

Let us call the scalar function � BS(x) = 1
4pjxj 3 the Biot-

Savartkernel. The Biot-Savart law de�nes the velocity of
a particle at p as the weightedsum of rotation velocity
matrices:

v(p) =
� ZZZ

x
� BS(p � x) Tx� www

www dx
�

� p (5)

Wecall theintegrandin Equation(5) thewhirl of a vortex, a
weightedrotationvelocitymatrix:

j (p;x;www) = � BS(p � x) Tx� www
www

Notethatj is linearin www: j (p;x;www) = jwwwjj (p;x; www
jwwwj ).

j representsthe velocity inducedby an atomicvortex ele-
ment. Theangleof rotationis maximalatthevortex centerx.
Thescalar� BS(p� x) describeshow therotationvelocityde-
creaseswith distance.

6 Thenotationx � www representsthe3 top componentsof the right
column, (xywwwz � xzwwwy ; xzwwwx � xxwwwz ; xxwwwy � xywwwx). Note that
this algebraicde�nition doesnot de�ne a genuinegeometriccross
productsincex is a point and not a vector. However, in practice
it only appearsin subtractionsin the �nal equations,so that once
factoredthe geometricaloperationwill really correspondto cross
productsof vectors.
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Wecall theintegral of j overspacethewhirl of a �uid :

F (p) =
RRR

x j (p;x;www) dx

ThustheBiot-Savart expressionbecomes:v(p) = F (p) � p .
Dueto the linearity of T thematrix F (p) is assparseasT;
thusonly 6 scalarintegralshave to becalculatedto obtainit.
We will seein Section5 thatwe areableto lower this down
to 3 or even 1 scalarintegral in somesituations.The ma-
trix F (p) encodesarigid bodymotion7, i.e.atwist [Ang04].

3.2. Spatial Integral and Field Representation

F (p) has to be calculatedat every point p to get the
velocity inducedby the vorticity �eld f www(x);x 2 spaceg.
A numericalintegrationover theentirespacewould bevery
expensive.

We draw on the classical vortex �lament assumption
mentionedin Section 2.1: we considerthat the vorticity
is concentratedin thin tubes (i.e. �laments) Ci and null
elsewhere8. The �o w is thus entirely de�ned by the set
C = f Ci ; i 2 [1;n]g.

The�laments areconsideredasdifferentialelements,i.e.
1D curveswith a formal radiusr(u). Thevorticity is tangent
to the curves. Various analytical pro�les of the vorticity
througha tubesectionareconsideredin the literature:e.g.
constantor Gaussian.In fact,theonly meaningfulnotion is
the circulationG which is the integral of the vorticity on a
section(seeEquation(2)). Let us introducethe notationGGG
with jGGGj = G and GGG

jGGGj = www
jwwwj . We can call the expression

j (p;x;GGG) the whirl of a sectionandforget aboutwww andr.
Thanksto Kelvin's theorem,G is constantalonga �lament
and over time for inviscid �uids, even when considering
stretching(seeSection2.1). As circulation representsthe
intuitive notion of the strength of a vortex �lament, we
considerit asauser-de�ned parameter.

However, we will seein Section4.2 that we still need
to storeand maintainthe �lament thicknessr(u) – which
decreaseswith stretching– if we wantto take viscosityinto
account,sincedampingis highly dependenton r. Viscosity
will affect the strengthlocally, thuswe needto storeGGG(u).
Thus,each�lament is de�nedby aparametriccurveholding
positions,circulationandradius:

Ci = ff xi(u);GGGi(u); r i(u)g;u 2 [0;Li ]g

We now simply have to compute1D integralsrepresenting
thewhirl of the�laments:

F (p;C) = å
i

Z Li

0
j (p;xi(u);GGGi(u)) du (6)

We handlethesetof �laments C asa parameterof F since

7 Formally, F (p) is an elementof the Lie algebrase(3), and the
correspondingelementexp(F (p)) of theLie GroupSE(3) is a twist
transformation[Gal02] (seeAppendixA)
8 Note thatwww = 0 at somelocationdoesnot meanthat thereis no
motionthere,sincevorticity inducesmotionatadistance.

the�laments, i.e. thesupportof integration,move in time.

3.3. Time Integration Scheme

Let us considera particle at location p in the �uid. The
matrix F (p;C) in Equation (6) gives us accessto the

velocity at p through v(p) = F (p)�p , and thus to an

estimateof the trajectory of p during the time step dt:
p̃0 = p + t v(p) ; t 2 [0;dt]. But the matrix F canprovide
moreinformationthanjust thevelocity. As we have already
mentionedin Section3.1, F encodesa twist, i.e. a rotation
combinedwith a translation,whosematrixcanberecovered
with exp(F ) (see Appendix A). This provides us with
higherorderinformationaboutthetrajectoryof p. Thuswe
computethenew locationp0 aftera timestepdt as:

p0= f (p) = exp(dt F (p;C)) � p (7)

Since f (p) is of higher order than a translation,the esti-
matep0 is more accuratethan p̃0. This allows us to make
larger time stepsand thereforeto gain speed.Moreover,
if the �o w is a pure rotation, translation or twist, the
reconstructedtrajectoryof p will follow it exactlyregardless
of thelengthof timestepdt.

Notethatthetwo �rst termsof theseriesexpansionof exp
provide the linear trajectory(I + dtF ) � p, so our schemeis
asymptoticallyequivalentto asimpleEulerintegrationstep.

We use the schemebasedon Equations(6) and (7)
for animatingmarker particlesin the �uid as well as the
pointsxi de�ning the �laments. Theevolution of thesetof
�laments C after a time stepdt is thus simply de�ned by

C0= f (C) . This is simplya restatementof Equation(1).

4. Practical Approximationsand Extensions

To gain even more ef�ciency, we want to avoid costly
numericalcomputationof the Biot-Savart integrals along
the vortex primitives that will be de�ned in Section5. For
this, we look for closed-forms.Our strategy is to replace
theBiot-Savart kernelwith another(seeSection4.1) which
easesanalyticalintegrationandwhich is morestable.

At this stagewe will have an engine for incompress-
ible inviscid �uid in an unboundedspace.We show how
viscosity and boundaryconditions can be introduced in
Section4.2.

4.1. Changing the Biot-Savart Kernel

The Biot-Savart kernel � BS hastwo drawbacks:it diverges
at 0 (� BS(0) = 1 ), leading to numerical instabilities for
particlesthatarevery closeto a vortex center(typically, the
neighbornodeson the �lament), and it generallydisables
closed-formsfor integrals.

Weproposeto replacetheBiot-Savartkernel� BS with an-
otherradialbasisfunction� MS which is de�ned andsmooth
around0 andwhicheasestheanalyticalintegration:

� MS(x) =
1

p(1+ jxj2=s2)2 (8)
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This kernel � MS is proportional to the one introduced
in [MS98] in the context of convolution surfaces. The
coef�cient s is a usercontrollableparameterrelatedto the
apparentthicknessof the�lament: theregioncloserthansto
thecurve tendsto rotatelikeasolidcore.Duringsimulation
s should be roughly proportionalto r, but for stability it
shouldnot decreasebelow a thresholds1. Thuswe model
s(r) as s0r + s1k(r) wherek(r) is a function decreasing
from 1 to 0 ands0;s1 aresuchthat s(r) is monotonic.We

choses0 = 1; s1 = 2
3 and k(r) = e� 3

2 r .

This kernel smoothsthe local self-induction,but it also
slightly overestimatestheinductionondistantparticles.The
resultinganimationis still visually satisfactory. Note that
changingthe kernel � doesnot alter the incompressibility
property; for instance, a piecewise polynomial kernel
is also used in the context of volume preservingshape
modeling[ACWK04].

4.2. Viscosity, Stretchingand Boundaries

Viscosity: It hastwo effectson �uids. Firstly, it diffuses
quantities(velocity, vorticity andmarkers).As often done,
in this paperwe considerthat this effect is negligible at
visiblescalesby assumingthe�uid is inviscid,whichyields
thesimpleequationswe use.Secondly, it prevents�laments
from becomingin�nitely thin with in�nite vorticity, which
makes real �uids free of singularities.This is also the
very mechanism which dissipates the vortical energy
transmitted9 from higherscales.This effect occursat very
small scales,but it is important to take it into account
in order to avoid singularities,endlessaccumulationof
�laments andin�nite growth of energy. We modelthis asa
radius-dependentdampingof the �lament strength,doneat
eachtimestep: G0

i (u) = (1� n(r i(u))) dt Gi(u) (9)

wheren(r) is a dampingfunction decreasingfrom 1 to 0
with acharacteristicviscousscaler0. In our implementation
weusen(r) = e� r

r0 .

Weak�laments arefadedout to zeroandthendestroyed.
Notethatindependentlyfrom thisphysicaldecay, it is useful
to allow theuserto decidewhento fadeandkill a �lament
asmentionedin Section7.

Radius Stretching: In order to know r i(u), we needto
computethe vortex stretchingduring the animationof the
�lament. Let l be the lengtheningratemeasuredat a given
�lament location.Thevolumeconservationof asmallcylin-
drical portionof �lament tells usthatwhenits lengthmulti-
pliesby l , its radiusdividesby

p
l . Thus,we simply com-

puteateachtimestep:r0
i (u) = r i (u)p

l
.

Boundary Conditions: In this paper, we only deal
with �at motionless boundaries with a slip condi-
tion. As explained in Section 2.3, in the vortex for-
malism one has simply to simulate the interaction of

9 ThroughtheKolmogorov cascade.

Figure 2: A plumefalling
on the�oor .

�laments with their mirror im-
age through the border plane.
Thus,we needto computethe
whirl F 0(p) of the mirrored
�laments and its in�uence on
a given point p. Conveniently,
it is equivalent to computethe
whirl F (p0) of the regular �o w at point p0 which is the
mirror of p relative to the plane.Let us denoteby S the
mirroringoperatorrelative to theplane(i.e.p0= S� p). Then
we have F 0(p) = S� F (S� p) � S. The total �o w is simply
F (p) + F 0(p). It canbeshown thatif p is on theplane,then
exp(F + S� F � S) is a translationtangentto theplane.

In practice,we only considerF 0 for �laments and p
closeenoughto a boundary. Moreover, we extendthis case
for moderatelycurved boundarieswith a tangent plane
approximation.

5. Our Primiti vesof Vorticity

Thewhirl F of a �uid is de�ned by Equation(6) asthesum
of the whirl of each�lament. The purposeof this section
is to describehow we representthe �laments andhow we
computetheir whirl, takingadvantageof theadaptedkernel
� MS de�ned in Equation(8).As wehaveseenin Section3.3,
from this whirl we can computethe displacementand the
velocity at every point p in the �o w. This is usedto advect
all theparticles,comprisingthe�laments.

Everyvortex elementin the�o w in�uenceseveryparticle.
To save computations,we introducea hierarchy of models
to represent�laments,andLODs for the�nest model.
� The �nest �lament modelconsistsof a setof connected

particles.Thecomputationof the�lament whirl is based
on the integrationof j on its segments.We detail it in
Section5.2,aswell asits LOD structure.

� The coarserlevel consistsof a circular ring, treatedin
Section5.1. A circle is an approximationwhich makes
sensesince�o w perturbationsoften startassimplevor-
ticity rings, which can remaincircular for a while de-
pendingon the environment.It alsomakessenseto ap-
proximatesmall rings by circles since the extra detail
would have little effect at distance.Conveniently, the
whirl of a circle can be computedanalytically which
makesit especiallyef�cient.

� Similarly, a coarsemodelshouldbehandledfor straight
�laments. In fact,thiscasecanbehandleddirectlyasthe
coarsestLOD level of theregular�lament model.

� For thecoarsestlevel we introducea vortex noisemodel
consistingof isolatedvortex primitives.We detail it in
Section5.3.

For eachof thesemodelswe describehow to evaluatetheir
whirl andhow to updatetheir structurethroughsimulation.

5.1. Cir cular Ring

Cir cular Ring Whirl: A circle is de�ned at eachtime
by a centerc, a radiusk, anda vectorz perpendicularto the
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circle plane.The symbolic integrationof the sectionwhirl
alongthecirclegivesthefollowing whirl:

F circle(p) = k
R

u j (p;u) du = Gb Tc� h+ akz
h (10)

where a = jp � cj2 + s2 + k2

h = 2z� (p � c) b = 2s4k
p(a2� k2j hj2)3=2

Cir cular Ring Advection: Theadvectionof our circular
ring is done in threesteps:taking sampleson that circle,
advecting the samples,and �tting a circle to the newly
obtainedpositions.Whenthe circle �tting error is too high
accordingto auser-de�ned criterion,it canbeswappedwith
acloseddeformable�lament.

5.2. Deformable Filament

A deformable�lament Ci is representedwith a polygonal
curve, i.e. vertices connectedby segments.The �lament
is simply deformedby advecting the vertices.The total
whirl F i(p;Ci), generatedat a point p by the polygonal
curve, is computedby summingthe whirls generatedby
eachsegment.In the next subsectionwe describehow to
computethewhirl of a segment.Thepolygonalcurve to be
usedis determinedaccordingto our LOD schemeand an
error criterion, which are describedin the two following
subsections.The result in p is reasonablyvalid for a
neighborhoodaroundp, andthustheLOD to beusedcanbe
computedonly oncefor a clusterof many particles.These
clustersare de�ned using a �oating grid which adaptsto
cloudsof particles(typically, thesmoke particlesdescribed
in Section6).

For de�ning theLODshierarchy of adeformable�lament
webuild abinary-treeof polygonalcurves,whosenodesare
segments.Theleavesrepresentthesegmentsof thedetailed
�lament, andeachinternalnoderepresentsasegmentwhich
is theaverageof its two children.

Segment Whirl: Let us de�ne a segment (p0;p1)
parameterizedin u 2 [0;1]. Let usdenoteby l the lengthof
the segment.The symbolic integrationof the sectionwhirl
alongthesegmentgives:

F segment(p) = l
R

j (p;u) du = Gh(p) Tp0� p1
p1� p0

(11)

wherethescalarfunction h =
R

� MS(p;u) du is:

h(p) =
s4

2a2p2

 
a0

d0+ s2 +
a1

d1+ s2 +
l2

a
(arctan

a0

a
+ arctan

a1

a
)

!

in which d0 = jp � p0j2 d1 = jp � p1j2

d = 1
2(d0 + d1 � l2) a2 = d0d1 � d2 + l2s2

a0 = d0 � d a1 = d1 � d

Sincea repeatedevaluationof the above expressionis ex-
pensive, an accurateapproximationis useful. If we denote
by pmin andpmax theclosestandfarthestpointsfrom pointp
onthesegment,wecanminimizeandmaximizetermsin the
integrandof Equation(11): if j� MS(pmin) � � MS(pmax)j < e,
thenthefollowing is agoodapproximation:

F̃ segment(p) = Gh̃(p) Tp0� p1
p1� p0

where h̃(p) = 1
2 (� MS(pmin) + � MS(pmax))

(12)

Building the LOD Tree: The �laments deform during
thesimulation,so their LOD treehasto bereconstructedat
eachtime step.To build the tree bottom-up,all that is re-
quiredis amethodfor averagingpairsof neighborsegments.

Our criterion is to bestpreserve the whirl, i.e. that the
whirl of eachlevel of the treeis ascloseaspossibleto the
whirl of the levels below, for any point where it will be
evaluatedlater.

Findinga polygonalcurve whosewhirl bestmatchesthe
whirl of a polygonalcurve with twice as many segments
is an expensive minimization problem,that we cannotaf-
ford to solve interactively. We proposethefollowing simple
scheme,which works well. Other schemescould be used,
suchasaninverse-subdivisionscheme[SNBW03].

� Thestartingpoint is adetailed�lament with 2l segments.
Thesecorrespondto thetreeleaves.

� For eachpairof neighborsegmentsf 2i;2i+1g, wede�ne
the parentsegmenti with a lengthequalto the sumof
the lengthsof its children,andintersectingthe children
at mid-length.For its circulation,we simply take theav-
erage. l + 1 l + 1

2i + 12i

l
i

� We repeatthis stepuntil theroot is reached,i.e. a single
segmentfor open�laments, andat leastthreesegments
for closed�laments.

Choosingthe LOD of a Whirl: DeterminingtheLOD of
thewhirl to beevaluatedfor apointp (andits neighborhood)
is donetop-down by fetching�ner segmentsin anadaptive
non-uniformmanner. The segmentsubdivision criterion is
basedon an estimateof the error producedwhenusingthe
whirl of a single segment F e0 insteadof the sum of the
whirls of its two childrenF e1 andF e2. Theexactgeometric
erroris thedistancebetweenthetransformof p by thetwist
encodedby F e0 andthetransformof p by thetwist encoded
by F e1 + F e2 (applyingEquation(7)):

e(p) = j exp(dt(F e1 + F e2)) � p � exp(dtF e0) � p j

In order to save costly computations,we rely on two ap-
proximationsto estimatethis error. Firstly, we approximate
twists with translations,i.e. a �rst order approximationof
theexponential:exp(M) � I + M. Secondly, for computing
the matrices F ei we estimate the costly integration of
Equation(11)by boundingthekernel� MS for eachsegment.
Thus,anapproximationof theerroris:

ẽ(p) = max
i jk

�
�
� � MS(q

j
1)Me1�p + � MS(q

k
2)Me2�p � � MS(q

i
0)Me0�p

�
�
�
2

where
Mei is thematrixdt Gi Tp0� p1

p1+ p0
, associatedwith edgei

q0
i ;q1

i aretheclosestandfarthestpointsfrom p onei

Deformable Filament Advection: The leaf vertices
of a �lament are simply advected like particles,and the
binary-tree is updatedat each time step. Whenever the
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leaf segments themselves are too stretchedand become
undersampled,severalsolutionsareavailable:

� Add anextraLOD level by splittingall thesegments.
� Resamplethecurveevenly.
� Wait for the �lament to naturallyvanish,sincetheover-

stretchingweakensit (seeSection4.2).
� Let the userdecidewhento fadeout the curve, e.g.by

keyframingn(t).

5.3. NoiseVortices

The amount of detail that can be simulated with CFD
methods is limited, since an increaseof resolution re-
quiresa signi�cant increaseof computingresources.In or-
der to circumvent this limitation, tricks can be used in
CG for amplifying realism: various kinds of noise func-
tions have beenproposedin the literature,suchas Perlin
Noise[Per85],�o wnoise[PN01] andstochasticdivergence-
free �elds [SF93,RNGF03].But their visualquality suffers
from the fact that the noisedoesnot satisfythe �uid prop-
erties:only the lastkind is divergence-free,andall of them
lack the temporalcoherency of eddies.In our formalism,a
usercanmodelanef�cient andhighqualitynoiseby spawn-
ing noisevorticesin areaswhereturbulenceis wanted.A
noise-vortex consistsof a positionci , an axis of rotationai
anda rotationamplitudeGi . It only in�uencesmarker parti-
cles,within aradiusof in�uence r i . It is advectedin the�o w
like theotherparticles.

Figure 3: Left: Two leapfroggingcir-
cle �lament and noiseparticles.Mid-
dle: Flow simulatedwithout thenoise.
Right:With thenoiseparticles.

An advected axis
cannot be simply
transformed using
the Jacobian of the
displacement J( f )
(where f is de�ned
in Equation (7))
like a material tan-
gent would: the
stretching of the �o w would tend to align neighboring
axes along the main axis of the local stretch.In order to
keepunorganizednoiseaxes, the eigenvectorsof J could
be used; but casesarise where they are undetermined.
We proposea simple schemein which these eigenvec-
tors are attractors (when they exist): we attach a sort
of local Frenet frame (t;n;b) to particles, composedof
tangent, normal and binormal axes, updatedas follows:

t0= J � t n0= Jc � n b0= t � n
where Jc is the cofactors matrix10 of J (see [Bar] for
justi�cation). Then we de�ne noise vortices amongthree
categories,tangent-vortices, normal-vorticesandbinormal-
vortices, whose rotation axes are de�ned by one of the
frameaxes.

10 If wedenoteby f j0; j1; j2g thecolumnsof J, thenthecolumnsof
Jc aref j1 � j2; j2 � j0; j0 � j1g.

6. SmokeParticles

In CG applicationsthevisual �uid featuresconsistof inter-
faces(water surface), the distribution of markers (smoke,
cloud droplets,colors), or the advection of objects (e.g.
leaves).Advectionof passive11 objectsis doneeasilywith
our methodby simply evaluatingthewhirl at theobjectlo-
cation: this provides the new objectpositionaswell as its
rotation.

Figure 4: Without (left) and with
(right) particledistortion.

The purposeof this
section is to describe
our representationof
marker densities.Eu-
lerian methodscanei-
thertreatthisdensity12

as an extra quantity
to be updatedat grid
nodes, or rely on particles spawned in the simulated
�o w [FMa]. Naturally, Lagrangianmethodsrely on parti-
cles,i.e. �oating markerswhosepositionpi is carriedby the
�o w. Sizelessparticlesmake it dif�cult to maintaina cor-
rectsamplingof thevisible featuresthroughsimulation,and
complex heuristicsmustbeprovidedto generatenew parti-
clesin undersampleddenseareas.This canresult in visual
artifacts,especiallyfor highly stretched�o ws. Instead,we
considerblob particles[SF93] to which a referencesizesi
andadensityr i areassociated.

The�uid parcelcorrespondingto this volumewill distort
in a complicatedmannerthroughtime. [SF95] reproduced
this effect on large blobs using backwarpedrays, but this
techniquedoesnoteasilyapplyto real-timerendering.

Assumingthatparticlesaresmallandthat themagnitude
of their strainis tiny comparedto the largescalemotionof
the �uid, we handlelinear anisotropicdistortion of blobs,
i.e. we simulateellipsoid blobs.This enableslong smooth
particles,which givesa high quality resultat low cost(see
Figure4). Whenthestretchingbecomestoohigh for thelin-
earassumption,wesplit theparticle.

The ellipsoid shapeof our blobs is representedby a
quadratic form Qi , whose eigenvectors f e0;e1;e2g and
eigenvaluesf l 0; l 1; l 2g givetheellipsoidprincipalaxesand
squaredradii. They canbe recoveredby diagonalizingthe
matrixQi .

Qi =
�

e0 e1 e2
�

0

@
l 0 0 0
0 l 1 0
0 0 l 2

1

A
�

e0 e1 e2
� � T

Stretching Smoke Particles: The strainaddedduring a
time step is given by the Jacobian13 of the displacement
J = r ( f ) where f is de�ned in Equation(7).

11 Cross-interactionbetweenlarge objectsandthe �uid is a com-
plex problemwhich is beyondthescopeof thispaper.
12 It is importantto notethatthis is not the�uid density.
13 Notethat[Ney03] only considersthenormof thestrainandthus
doesnotcapturethedirectionalinformation.
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The ellipsoid shapeof our blobs directly representsthe
accumulateddistortion. Starting with Qi = si I, at each
time stepwe computehow the ellipsoid is deformedwith
Q0

i = J(p) � Qi � JT(p). Notethatasidefromnumericalerrors,
incompressibilityyieldsdet(J) = 1sothevolumeof theblob
is preserved.

Splitting Smoke Particles: Let us denote by l 0 the
largesteigenvalueof thedeformationtensorQi , correspond-
ing to the main axis e0 of the ellipsoid.When

p
l 0=si ex-

ceedsa thresholdthe particle is too stretched,so it is split
acrossthestretchingdirectione0. Two childrenparticlesare
generatedin placeof theparentparticlewith thesameaxes
andradii (

p
l 0=2;

p
l 1;

p
l 2). Eachchild keepsthe same

referencesizesi , inheritshalf of thedensityr i , andis placed

atpointpi �
p

l 0
2 e0 (e0 is assumedto beunitary).

Drawing Particles: An ellipsoidparticleis easyto render
sinceits projectionin screenspacecanbe obtainedanalyt-
ically. Giventwo orthogonal3D unit vectorsx, y contained
in theviewing plane,the2� 2 projectedmatrixQ2D is:

Q2D =
�

xT

yT

�
Qi

�
x y

�

Thus,to rendertheparticleswesorttheellipsoidsin depth
andsimply rendereach2D ellipseon a billboardfacingthe
camera:the orientationandsizeof the billboard aredeter-
minedby Q2D eigenvectorsandsquarerootsof eigenvalues.
We only needa small texturecontaininga circulargradient
of opacity, which is sharedby all thesplattedparticles.

7. Interacti veDesignof Flows

For our tests we have implementedan interactive editor
allowing usersto specify and edit a �o w. While simple
enough,it illustrateshow our representationallows a user
to design,edit andcontrola �o w.

Geometricobjectsareof two kinds:vortex �laments and
smoke particles(plusobstacles).Vortex �laments consistof
curves that can be interactively insertedin the scene,and
then loadedor saved on disk. Smoke particlesare treated
similarly asin particlesystemseditors:their initial position
is spreadinteractively or procedurallywithin simple vol-
umesor on surfaces.Both typesof objectshave variousas-
sociatedattributescontrollingtheirbehavior or theirappear-
ance.

Figure5: A vortex ring following acurve.

The frame-
work of our
scene editor is
similar to the oneof a classicalCG animationsystem:the
usercanselectthecurrenttimewith aslider, thenaddor edit
the geometricalcontent,tune the attributes,and keyframe
geometricalor attribute data. When playing part of an
animationin the editor, the keyframeddatais treatedin a
standardway, while thenon-keyframeddatais simulatedin
real-timewith our �uid engine.Bothkindsarethusnaturally
integrated.Combinationsareeasyto manage:the usercan

keyframe the extinction of a simulated�lament, or let a
�lament interpolatebetweena simulationanda keyframed
curve, or switch from one modeto the other for a period
of time.

At any time, the �o w can be renderedeither in fast
or high quality rendering. The quality/ef�ciency ratio
can be controlled in two ways. Firstly, by selectingthe
visual effects: e.g. shadows, complex lighting. Secondly,
by tuning the smoke particles' global attributes:sampling
density, self-subdivision enabling, ellipsoidal distortion
enabling,andassociatedthresholds.As shown in theresults,
reasonablerenderingscanbeobtainedin real-time.

Thus,unlike usual�uid simulatorswhosevariouslimita-
tionsfrom theCGpointof view arementionedin [LF02], the
framework in our �uid editor is similar to thatof a geomet-
ric modeler. In particular, the �o w featuresarerepresented
asvectorialcompactdata. Thishasseveralconsequences:

� It is easyto storetheentireanimatedsceneandto edit it
interactively, goingbackin time to changeadetail.

� Featuresaremeaningfulandeasyto handlefor theartist.
� Thesimulationis resolution-independent,anddetermin-

istic in practice,asopposedto grid-based�uid simula-
tionswhereresultschangewhenthegrid sizechanges.

� It is easyto play several minutesof animationbefore
reachingtherelevanttime rangeto berendered.

� It is easyto re-rendera given simulationwith new ren-
deringattributes,or to addnew frameslater.

8. Results

Features: The effects of vortex-inducedmotion, noise,
collision on the �oor , distortion of smoke particles,and
keyframedvortices,areillustratedin Figures1 to 5. Theac-
companying videopresentstheseeffectsanimatedplusvari-
ousexamplesfrom a simpleplumeto complex �elds. Some
arereproducedin Figure6. The smoke sheetin a 3D �o w
(Figure 6c) deserves somecomments:as is done in real-
world wind tunnels,we have placedsourcesof smoke such
thata thin sheetof markersinteractswith the3D �o w.

Complexity and Performances: Let n f be the number
of �laments, k f thetotal numberof �lament segmentsat the
�nest level, k̃f theaveragenumberof �lament segmentscon-
sideredtaking LOD into account,nn the numberof noise
particles,ns the numberof smoke particles,ñn the average
numberof noiseparticlesactingonasmokeparticle.

Thesimulation costcanbeestimatedfrom thenumberof
evaluationsof F segment as(kf + nn+ ns)k̃f + nsñn. Itsmostsig-
ni�cant componentis nsk̃f . This meansthat the simulation
of �laments aloneis almostfree,which makesthe interac-
tive modelingof �o w featureseasy. All thesimulationtime
is spenton smoke particles.Accountingfor particlesdistor-
tion multipliesthecostby 4 dueto the�nite-dif ferenceesti-
mationof theJacobian.Thegrid LOD factorizationyieldsa
15%saving. Seebelow for possibleimprovements.
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b c

d e

a

Figure6: Variousexamplesof animated�o ws.

The rendering cost decomposesinto the splatting of
smoke particles (comprising the calculus of the ellipse
shapes)andtheshadow calculation(selfandcast).Theshad-
ows representthemainpartof therenderingcost.We mea-
suredthattherenderingcostwasroughlyindependentof the
resolution(about2%of overheadfor 12 timesmorepixels).

Benchmarks: Thefollowing performancemeasurements
were doneon a Pentium4 processorat 2:8 GHz with an
nVIDIA GeForce FX 5200 graphicsboard.Note that we
measuresimulation and renderingwith smoke particles.
Simulationandvisualizationof �laments alonein the �o w
editoris real-time.
� Heavyexplosion(Figure6b).The�eld is de�ned by 2 cir-
cleringsand100noisevortices.Thesmokeconsistsof about
5,000non-deformableparticles.The animationis rendered
(withoutshadows)at16 fps.
� Smoke sheet(Figure6c). The �eld is de�ned by 10 circle
rings.The smoke consistsof about30,000deformablepar-
ticles.The animationis renderedat 0.7 fps (or 3 fps using
simpleparticles).
� Train smoke (Figure6a).The �eld is de�ned by 20 circle
ringsand20�lamentsmadeof 64segmentseach.Thesmoke
consistsof about30,000deformableparticles.The anima-
tion is rendered(with shadows) at 12 secondsper frame,
29%of which is dueto shadows, and70%to advection( 1

4)
anddistortion( 3

4) of smokeparticles.
� Field of plumes(Figure6dande).The�eld is de�nedby 6
�laments startingascirclesthenturning to deformable�la-
mentsmadeof 64 segments.96 noiseparticlesper �lament
wereusedfor e, andno noisefor d. Thesmoke consistsof
about50,000particles.The animationis renderedat 7 sec-
ondsperframefor d and23secondsperframefor e.
� Comparisonwith [FSJ01], a referencefor smoke simula-
tion. It is not really possibleto comparefairly an Eulerian
anda Lagrangianmethod,sincetheir respective resolution
doesnot measureat all with thesamestandards.Moreover,
whatis aneasycasefor onemethodcorrespondsto thedif�-
cult casefor theotherandconversely(e.g.resolveddetailvs
crowdedvolume).Still, wetriedto producetwo �o wswhere
apparentcomplexity was roughly comparableto examples
of [FSJ01].In thefollowing wehaveupgradedtheir timings

Figure 7: Benchmarkingwith scenescloseto [FSJ01]Fig.3 and
Fig.8.

accordingto ourCPUclock.
- The�eld shown onFigure7(left) is simulatedat0.9fps. It
resemblestheirFigure3 whichwouldplayat0.1fps.
- The �eld shown on Figure7(right) is simulatedat 24 fps.
It resemblestheirFigure8 whichwouldplayat1.6fps.

PossibleEnhancementsto Impr ovePerformances:
� As we have seen,deformationof smoke particlesis very
costly. The deformationof a particlecould probablybe es-
timatedonly oncein a while. Moreover, theJacobiancould
becalculatedanalyticallyratherthanrequiring3 extra eval-
uationsof F for eachparticle.
� F is evaluatedbillions of times. The �oating grid only
savesLOD estimations.It shouldbe possibleto save a lot
moreby interpolatingin grid cellsthecomponentsof F cor-
respondingto distantvortices.In our formalismthe results
of the integrationF is a whirl operator andnot directly a
new pointor velocity, soa goodquality interpolationcanbe
expected.
� Smokeparticleskeepsplittingwith stretching,thusnumer-
ous diluted particlestend to appear. In our applicationwe
cancelparticlesundera densitythreshold,but this canlead
to visualartifacts(vanishingsmoke) sincetheaccumulation
of numerousdilutedparticlesmaystill bevisible.Neighbor-
ing dilutedparticlesshouldberesampledandcombinedinto
biggerparticles.

9. Conclusionand Futur eWork

We have presenteda methodwhich allows thefastandeasy
design and simulation of �o ws such as turbulent smoke
by relying on a compacthigh-level primitive, the vortex
�lament, which inducesthe velocity �eld. As a geometric
object,it is easyto edit andanimatein a modeler. We have
also presenteda renderingschemebasedon deformable
particles to representand render the smoke advected in
this �eld. Our Lagrangianvorticity schemedoesnot suffer
numerical dissipation and is not boundedby any grid.
The simulation is independentfrom the rendering,whose
resolutioncan be chosenand changedafterwardswithout
side-effectson thesimulation.Ouranimatedexamplesshow
thatverydetailedresultscanbegeneratedef�ciently .

The issuesfacedby Vortex Methodsin �uid engineering
are also of interestfor CG, even if in our domainwe can
circumvent most of the constraints.Theseissuesconcern
complex environmentsandlongsimulations.For theformer,
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complex boundaryconditions should be considered,and
LOD shouldbeextendedto accountfor clustersof �laments.
For thelatter, thecomplex interactionon�lamentsshouldbe
modeled,especiallytheir reconnectionsandcollapses.Both
issuesaredif�cult to dealwith usingpurea Lagrangianap-
proach.Possiblesolutionsconsistin mixing the approach
with a grid-methodfor handlingthese.We may be not so
far from interactive walks throughdetailedliving features
insidelarge�o ws!
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Appendix A: Exponentialof Matrices
In this section,we describehow to computethe exponentialof
matricesof the form M = Tm

www as de�ned in Equation (4). The
following formulaswereobtainedusingtheseriesde�nition of the
exponential,expM = å 1

k= 0
1
k! Mk. Notethatthey areexact,i.e.nota

third orderexpansion.

expM =

8
><

>:

I + M if jwwwj = 0
I + 1� cosj wwwj

j wwwj 2 M2+ sinj wwwj
j wwwj M if www� m= 0

I + M+ 1� cosj wwwj
j wwwj 2 M2+ j wwwj� sinj wwwj

j wwwj 3 M3 otherwise

It canbeshown thatfor apointp, (expM)�p translatesp if jwwwj = 0,
rotatesp if www � m = 0 , otherwiseit twists p. The logarithm of a
matrix is de�ned asaninverseof exp.
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