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Abstract

We describea methodthat permitsthe high performancesimulationof uid phenomenaud assmole, with high-

level control for the artist. Our key primitivesare vortex lament andvortex ring: vorticity de nesa ow aswell

asvelocitydoes,andfor numepusinteresting ows sud assmole or explosionghis informationis verycompact
and tightly linked to the visual featules of the uid. We treat thesevorticesas 1D Lagrangian primitives (i.e.

connectegarticles),which permitunboundeduids andveryaccumte positioningof thefeatues.Thesimulation
of passivedensityparticlesfor renderingis totally independenof the uid animationitself. Thus,the animation
canbeefciently simulatededitedandevenstored,whilethe uid resolutionusedfor renderingcanbearbitrarily

high. We aim at plausible uids ratherthan physicalaccumacy. For efciency and stability, we introducea new

formalizationof the Biot-Savartaw anda modi ed Biot-Savartkernel. Our modelalsointroducesa hierarchical

lament structuie for animationLOD, turbulentnoise andan original schemefor densityparticles.

1. Intr oduction

The interest of the Computer Graphics community for
the simulation of gaseousphenomenahas been growing
over time. Various pathshave beenfollowed in order to
betteradaptsolutionsto the peculiarrequirementof CG
applications:Eulerian[KM90, FMb], Lagrangian[MP89],
semi-LagrangiafiSta99FSJ01] spectra[Sta01],etc.

A common challengeis to obtain the fastest compu-
tation time for the maximum possible uid resolution
Knowing that graphicsapplicationstoleratetrading accu-
ragy for ef ciency canhelpin choosinga schemee.g.the
unconditionalstability of [Sta99] permitsusing large time
steps. Constraintsdue to the grids in Eulerian methods
are releasedby [SCP 04]. Mixed models can increase
the apparentresolutionby relying on simpler models at
small scales(carried by high level primitives), such as
noise[Ney03,SSEHO03]or proceduralmodels[WH91], or
by combining such high-resolutionsimple 3D modelsto
interpolated?D simulationgRNGFO03].

A general problem especiallyimportant for CG is to
obtaina living uid : mostmethodssuffer from numerical
dissipation(intrinsic to Euleriansanddueto resamplingor
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Lagrangians)n which small scaleeddiesdie too quickly.
To counterthis, vorticity con nementwasintroducedn CG
by [FSJO1], and sub-grid analytical modelsin [Ney03].
Alternatively anadaptve grid [LGF04] canbeused.

Anotherchallengeis to easethe control of the uid by
an artist. The high-level primitives of the mixed models
mentioned abose are naturally adaptedfor this. More
recently techniqueshave beenproposedto tamget speci c
statesof the uid by controllingthewhole eld [FL, MTPS],
or by controllingparticlesfREN 04,PCS04].

In this paper we introducea new pathto CG uids: sim-
ulation in the 3D vorticity spacé. The vorticity spaceis
dual to the velocity space(see Section2). But numerous
uid featuresappearmmore structuredin vorticity spaceas
a multi-scalecombinationof vortex laments (swirls, tor-
nadoes)and vortex rings (smole rings, explosion plumes,
mushroomclouds).In numerousinterestingsituationsthe
ow is characterizedy a few such primitives, which are

1 Note that this path has alreadybeenintroducedto CG in 2D
by [GLG95]. But 3D vorticity is very differentsinceit is vectorial
andhighly spatiallystructuredseeSection2.
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tightly connectedo the visible featuresof the uid: these
primitives arethusinterestinghandlesfor usercontrol. We
representhemas1D curves,i.e. connectegarticles.In the
framevork permittedby our model, the user can interac-
tively createor modify suchprimitives.Procedurabenera-
tion canalsobeusede.g.to introduceturbulent uctuations,
asamorephysicalfeaturethanthe usualnoisefunctions.

The velocity eld can be reconstructedat ary time
from the vorticity laments thanksto the Biot-Savart law
(3), i.e. the animated ow is totally de ned by a few
animatecturves.Thus,themotioncanbesimulatedquickly.
Moreover, thesecurves can easily be edited, replayedfor
tuning, keyframed,interpolatedpr evenstored,in the spirit
of [PCS04].Costly renderingcanbe donelater at arbitrary
resolution, and changing resolution will not modify the
animationcontraryto Eulerianor semi-Lagrangiamethods
(asmentionedn [LF02]).

Inconveniently eachvorticity elementinducesmotionin
the whole eld so that computingthe Biot-Savart integral
(3) canbe time consuming.Moreover, local self-induction
cancausenumericalinstabilities.In this paperweintroduce
a new formalizationwhich inducesa higherorderscheme,
permittinglarger time steps.We alsointroducean approxi-
mationwhich permitsanalyticalintegration and also stabi-
lizesthe simulation.Moreover, we proposea lament LOD
schemeThus,ourmodelallowsusto ef ciently computehe
velocityinducedatary givenlocationby all the laments.

Section?2 reviewstheconceptsequa-
tions and propertiesrelated to the

vortical aspectsof uids. In Sec-
tion 3 we revisit theseequationsin

orderto permita higherordersolver,

andwe detail our lament represen-
tation. Practicaladaptationsare pro-

posedin Section4. In Section5, we

describethe representatiorand the

simulation of our vortex primitives,
comprisingan adaptve scheme,an

LOD hierarcly anda noisefunction.

Smole particlesare treatedin Sec-
tion 6. We presentour interactive applicationin Section7
anddiscusgesultsin Section8.

Figure 1: Flow in-
ducedby avortex ring
(in red). Smole parti-
cles are generatedn
thebox.

2. The Physicsof Vorticity and Filaments
2.1. The Lagrangian Vorticity Expressionof Fluids

Vorticity-basedapproaches- called Vortex methods- are
already usedin ComputationalFluid Dynamics [CKO0OQ].
They are especiallyadaptedto turbulent elds and simu-
lation of eddiessincethey track thin featuresnicely. Be-
causethe thicknessof thesefeaturescan be far smaller
thanary reasonablgrid cell step,they arealsomoreaccu-
rate[CMOV02]. As aLagrangiarapproachthey do notsuf-
fer from the numericaldissipationwhich tendsto kill small
eddystructuresvhenusingEulerianapproaches.

The vorticity w is de ned as curl(v), also denotedby
r v (wherev is the velocity). Assumingincompressibil-
ity, massconseration canbe expressedasdiv(v) = 0. The
Lagrangiarformalismfollowsthepropertieof uid parcels
representedly particlesadwectedalongthe o w with veloc-
ity v. TheLagrangiarformalismis especiallyadaptedo vor-
ticity sincethe non-zerovorticity is generallyconcentrated
in loci (thevortices)which follow the o w.

In 2D, theLagrangiarvorticity form of the Navier-Stokes
equationfor inviscid uids is simply %” = 0. It meanghat
once created,vorticity never dies andis simply adwected
alongthe eld. Handlingthe 2D caseis simplesinceit only
requiresvorticesplacedatisolatedparticlesIt hasbeenused
in CG by [GLG95].

In 3D, theequationis: %N = (W r)v 1)
It meanghatwhile following the o w, vorticesarestretched
by its local deformation.The 3D caseis far more compli-
catedsincethevorticity is avectorandis spatiallystructured
in laments, which are oftenrings (i.e. closedloops). The

strengthof a lamentis de neg-asthe circulationG around
thetube: G= vd= w dsS @)
s

L
where S is a crosssectionof the tube and L the border
line of S This structureof vorticity has several conse-
guenceg$Bat67,Mar97]:

Firstly, sincevorticity in a locationinducesa rotational
motioneverywherein the uid, partsofthesamelamentin-
duceeach-otherlaments self-inducedeformationge.g.os-
cillation modes)ndglobalmotion(e.g.asmole ring moves
straighton dueto its self-induction).And of course, la-
mentsinteractwith eachother As anexample,two concen-
tric ringswill leapfrogthrougheachother i.e. onesucksthe
otherwhichwill suckthe rst right after, andsoon.

Secondly laments never die? and behae in a peculiar
way whenstretchedasstatedby Kelvin's theorem[Rut89],
the circulation G is constantoth alongthe lament andin
time, which meanghatthe vorticity increasesvhenthera-
dius of the lament decreaseslueto the stretching!® This
behaior canbethoughtof astheconserationof theangular
momentumAs the uid motion createsubiquitousstretch-
ing, vortical areasquickly tendto concentrateinto tubes,
thento increasinglythinner laments. This comple struc-
ture of turbulent uids is what makesthemso complicated
to simulate andexplainswhy the classicamethoddoseim-
portantfeatures.

Dueto stretchingyortex tubesareoftenassumedo have a
smallcore(hencehename lament). Thus,they canbecon-
venientlyrepresentedby a 1D curwve plus the circulation G

2 As long asthe inviscid hypothesisis valid. In practice laments
aredissipatedvhenthey becometoo thin.

3 In particular turbulenceis madeof a densesoupof very thin very
rapidly rotating laments.
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ratherthan a very concentratedxplicit w eld. Sincethe
circulationis preseredover time, no equations neededor
theevolution of thevortex strength.

Lagrangiarprimitivesusedin vortex methodscanbe 0D
(regular particles),1D (curvesmadeof connectedarticles)
or even 2D (sincevorticity often startsas a 2D stretched
sheetetweertwo uid layersheforedegeneratingnto vor-
tex tubesthen laments®). Note that 0D particles|Gha01]
losethe lament cohereng, andthushave to explicitly track
theeffectsof the stretching.

2.2. Reconstructingthe Velocity Field

Recoering v from w, i.e. obtainingv = curl 1(w), is not
easy Thesolutionatpointp is givenby the Biot-Savart law:
yv4

z
wp =5 OB X0y
p I S|
Threecommentsanbe madeaboutthis formula:

Firstly, the solution of curl 1(w) is not unique: Equa-
tion (3) only provides a divergence-freesolution, to which
we canaddary velocity eld v satisfyingbothcurl(vy) = 0
andthe uid hypothesegmassconseration,boundarycon-
ditions). This harmonic eld vy, correspondso a solutionof
the o w usingthe simplestassumptionsin vorticity-based
physicalmethodsit is solvedseparatelyin ourcasewe will
assumet is givenby theuser(or simply zero),sothatin the
following we do not handleit explicitly andwe only con-
siderthe Biot-Savart solution.

Secondly evaluating Equation(3) at p using numerical
integrationis expensve, sinceit is performedwith x over
the entirespace To avoid this cost, \ortex-In-Cell methods
rely insteadon a nite differencesolver on a grid to invert
curl(w), with thevariousdravbacksassociatedo grid sam-
pling (comprisingdissipation) We introduceanalyticalinte-
grationandLODsto avoid this cost.

Thirdly, theintegranddivergesatp = X, whichcorresponds
to the evaluationof local self-induction.This canleadto a
singularitf’, or atleastto numericalinstabilities.We will in-
troduceamodi ed Biot-Savart kernelto avoid this.

©)

2.3. Boundary Conditions

Incomingandoutgoing ux aretypically accountedor by
the harmoniccomponenbf the velocity eld (i.e. by solv-
ing with the divergence-freeérrotationalassumption)inter-
actionwith objectsis not easyfor pure Lagrangianvortex
methods(seesectionon future work). Neverthelesssome
simple situationscan be handledeasily: it hasbeenshavn
in [LNC91] thattheinteractionof aring lament with a at
borderwith slip condition(i.e. only the normalcomponent

4 Known asthe Kelvin-Helmholtzinstability.
5 And it doesfor severaltheoreticallament models which makes
their theoreticaktudysocomplicatedMar97].
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of velocity cancel)is equivalentto theinteractionof the |-
amentwith its mirror image.Notethatthe no-slip condition
canbe obtainedby insertingvorticity nearthe boundaryso
thatthetangenttcomponenbf thevelocity cancel.

3. Our Choiceof Representationand Solver

In Vortex Methods,the Biot-Savart law providesthe veloc-
ity of every particle. We proposea new formalization of
this law (detailedin Section3.1), introducinga whirl op-
eratorwhich lets us recover higherorderinformationabout
thetrajectoryof particles Thisimprovestheprecisionof our
solver (presenteth Section3.3)andthereforepermitslarger
time steps.

3.1. Our Biot-Savart Reformulation

Let usconsidera rotationof centerx, anglejwj andaxisw.
Thevelocity of thisrotationatapointpisw (p Xx), and
canberepresentetly a4 4 matrix, calledrotationvelocity
matrix 0

0 Wz Wy XyWZ X2Wy
T W_ \\74 0 Wx  XzWx  XxWz § %)
w Wy Wy 0 XxWy  XyWy
0 0 0 0

This matrix is sparseandhasonly 6 degreesof freedom.It
canberepresentetly two 3D vector§ wandx w. Wein-
troduceanoperatofT anddenoteby T}, " theabose matrix.
Notethatthe operatorT is linear:

TR = TR+ TR o TR=al]

Let us call the scalarfunction gs(X) = W the Biot-
Savartkernel The Biot-Savart law de nes the velocity of
a particle at p as the weighted sum of rotation velocity
matrices: zzz

v(p) = es(p N Tw " o&x p (5)
We call theintegrandin Equation(5) thewhirl of a vortex, a
weightedrotationvelocity matrix:

i (rxw)= es(p X)Tw "

Notethat] islinearinw: j (p;x;W) = jwjj (p;x;% .

j representshe velocity inducedby an atomicvortex ele-
ment Theangleof rotationis maximalatthevortex centerx.
Thescalar gs(p x) describefow therotationvelocity de-
creasesvith distance.

6 Thenotationx W representshe 3 top componentsf theright
column, (xyWz  XzWy ; X;Wx  XxWz ; XxWy  XyWy). Note that
this algebraicde nition doesnot de ne a genuinegeometriccross
productsincex is a point and not a vector However, in practice
it only appeardn subtractionsn the nal equationsso thatonce
factoredthe geometricaloperationwill really correspondo cross
productsof vectors.
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We call theintegral of j over spacethewhirl of a uid:

F(p) = x b (P X W) dx
Thusthe Biot-Savart expressiorbecomesy(p) = F(p) p .
Dueto thelinearity of T thematrix F (p) is assparseasT;
thusonly 6 scalarintegralshave to be calculatedo obtainit.
We will seein Section5 thatwe areableto lower this down
to 3 or even 1 scalarintegral in somesituations.The ma-
trix F (p) encodesrigid bodymotion7, i.e.atwist[Ang04].

3.2. Spatial Integral and Field Representation

F(p) hasto be calculatedat every point p to get the
velocity inducedby the vorticity eld fw(x);x 2 spacey.
A numericalintegrationover the entirespacevould bevery
expensve.

We drawv on the classical vortex lament assumption
mentionedin Section2.1: we considerthat the vorticity
is concentratedn thin tubes(i.e. laments) C; and null
elsavheré. The ow is thus entirely de ned by the set
C=fG;i2 [1n]g.

The laments areconsideredsdifferentialelementsi.e.
1D curveswith aformalradiusr (u). Thevorticity is tangent
to the curves. Various analytical pro les of the vorticity
througha tube sectionare consideredn the literature:e.g.
constanbr Gaussianin fact,the only meaningfulnotionis
the circulation G which is the integral of the vorticity on a
section(seeEquation(2)). Let usintroducethe notationG
with jG = G and J% = J%J We can call the expression
j (p;x; G the whirl of a sectionand forget aboutw andr.
Thanksto Kelvin's theorem,Gis constantalonga lament
and over time for inviscid uids, even when considering
stretching(see Section2.1). As circulation representghe
intuitive notion of the strength of a vortex lament, we
considerit asauserde ned parameter

However, we will seein Section4.2 that we still need
to storeand maintainthe lament thicknessr(u) — which
decreasewith stretching- if we wantto take viscosityinto
accountsincedampingis highly dependenbnr. Viscosity
will affect the strengthlocally, thuswe needto store G(u).
Thus,eachlament is de ned by aparametricurve holding
positionscirculationandradius:

Gi = ff xi(u); G(u);ri(ug;u2 [O;Li]g
We now simply have to computelD integralsrepresenting
thewhirl of the laments:

Z1
o J (pixi(u); G (u) du (6)

F(p:C)= a4

We handlethe setof laments C asa parametepf F since

7 Formally, F (p) is an elementof the Lie algebrase(3), andthe
correspondinglemenexp(F (p)) of theLie GroupSE(3) is atwist
transformatiorjGal02] (seeAppendixA)

8 Notethatw = 0 at somelocationdoesnot meanthatthereis no
motionthere,sincevorticity inducesmotionatadistance.

the laments, i.e. the supportof integration,movein time.

3.3. Time Integration Scheme

Let us considera particle at location p in the uid. The
matrix F(p;C) in Equation (6) gives us accessto the

velocity at p through|v(p) = F(p) p| and thus to an

estimateof the trajectory of p during the time step dt:
E)O: p+tv(p);t2[0;dt]. Butthe matrix F canprovide
moreinformationthanjustthe velocity. As we have already
mentionedn Section3.1,F encodes twist, i.e. a rotation
combinedwith atranslationwhosematrix canberecovered
with exp(F) (see Appendix A). This provides us with
higherorderinformationaboutthe trajectoryof p. Thuswe
computethe new IocationpO afteratime stepdt as:

p°= f(p) = exp(ct F(p;C)) p )
Since f(p) is of higher order than a translation,the esti-
matep® is more accuratethan °. This allows us to make
larger time stepsand thereforeto gain speed.Moreover,
if the ow is a pure rotation, translation or twist, the
reconstructetrajectoryof p will follow it exactly regardless
of thelengthof time stepdt.

Notethatthetwo rst termsof theseriesexpansiorof exp
provide the lineartrajectory(l + dtF) p, soour schemes
asymptoticallyequivalentto a simpleEulerintegrationstep.

We use the schemebasedon Equations(6) and (7)
for animatingmarker particlesin the uid aswell asthe
pointsx; de ning the laments. The evolution of the setof
laments C after a time stepdt is thus simply de ned by

cO= f(C) | Thisis simply arestatemenof Equation(1).

4. Practical Approximations and Extensions

To gain even more efciency, we want to avoid costly
numerical computationof the Biot-Savart integrals along
the vortex primitivesthatwill be de ned in Section5. For
this, we look for closed-forms.Our strat@y is to replace
the Biot-Savart kernelwith another(seeSection4.1) which
ease®nalyticalintegrationandwhichis morestable.

At this stagewe will have an enginefor incompress-
ible inviscid uid in an unboundedspace.We shaov how
viscosity and boundary conditions can be introducedin
Sectiord.2.

4.1. Changingthe Biot-Savart Kernel

The Biot-Savart kernel gs hastwo dravbacks:it diverges
at 0 ( ss(0) = 1), leadingto numericalinstabilities for
particlesthatarevery closeto avortex center(typically, the
neighbornodeson the lament), andit generallydisables
closed-formdor integrals.

We proposeo replacetheBiot-Savartkernel gs with an-
otherradialbasisfunction wms whichis de ned andsmooth
around0 andwhich easeshe analyticalintegration:

ms(X) =

p(L+ X2=D)2 ®
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This kernel ys is proportional to the one introduced
in [MS98] in the context of convolution surfaces. The
coefcient sis a usercontrollableparameterelatedto the
apparenthicknesof the lament: theregion closerthansto
the curve tendsto rotatelik e a solid core.During simulation
s should be roughly proportionalto r, but for stability it
shouldnot decreaséelown a thresholds;. Thuswe model
S(r) as sor + s1k(r) wherek(r) is a function decreasing
from 1 to 0 andsp; s1 aresuchthats(r) is monotonic.We
chosesp=1; 1= § and k(r) = e s

This kernel smoothsthe local self-induction,but it also
slightly overestimatesheinductionon distantparticles.The
resulting animationis still visually satisactory Note that
changingthe kernel doesnot alter the incompressibility
property; for instance, a piecavise polynomial kernel
is also usedin the contt of volume preservingshape
modeling[ACWKO4].

4.2. Viscosity, Stretching and Boundaries

Viscosity: It hastwo effectson uids. Firstly, it diffuses
quantities(velocity, vorticity and markers).As often done,
in this paperwe considerthat this effect is negligible at
visible scalesby assuminghe uid is inviscid, whichyields
the simpleequationsve use.Secondlyit prevents laments
from becomingin nitely thin with in nite vorticity, which
males real uids free of singularities. This is also the
very mechanismwhich dissipates the vortical enegy
transmitted from higher scales.This effect occursat very
small scales,but it is importantto take it into account
in order to avoid singularities, endlessaccumulationof
laments andin nite growth of enegy. We modelthis asa
radius-dependertampingof the lament strength,doneat

eachtime step: I OER¢! n(ri(u)))dtG(u) 9)

wheren(r) is a dampingfunction decreasingrom 1 to O
with acharacterisrtiwiscousscalero. In ourimplementation
weusen(r)=e fo.

Weak laments arefadedout to zeroandthendestryed.
Notethatindependentlyrom this physicaldecayit is useful
to allow the userto decidewhento fadeandkill a lament
asmentionedn Section?.

Radius Stretching:  In orderto know r;j(u), we needto
computethe vortex stretchingduring the animationof the
lament. Let| bethelengtheningate measuredt a given
lament location.Thevolumeconserationof asmallcylin-
drical portionof lament tells u%tklatwhenits lengthmulti-
pliesby | , its radiusdividesby = | . Thus,we simply com-
puteateachtime step:rio(u) = QLLIi)

Boundary Conditions: In this paper we only deal
with at motionless boundaries with a slip condi-
tion. As explained in Section 2.3, in the vortex for-
malism one has simply to simulate the interaction of

9 Throughthe Kolmogoro cascade.
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laments with their mirror im-

age through the border plane.
Thus, we needto computethe
whirl FYp) of the mirrored
laments and its in uence on
a given point p. Corveniently
it is equivalentto computethe
whirl F(pY of the regular ow at point p® which is the
mirror of p relative to the plane.Let us denoteby S the
mirroring operatorrelative to the plane(i.e. p°: S p). Then
we have Fo(p) =S F(S p) S Thetotal ow is simply
F(p) + Fo(p). It canbeshawn thatif p is ontheplane,then
exp(F + S F 9 isatranslationtangento theplane.

In practice,we only considerF° for laments and p
closeenoughto a boundary Moreover, we extendthis case
for moderatelycurved boundarieswith a tangent plane
approximation.

Figure 2: A plumefalling
onthe oor.

5. Our Primiti vesof Vorticity

Thewhirl F of a uid is de ned by Equation(6) asthesum
of the whirl of each lament. The purposeof this section
is to describehow we representhe laments andhow we
computetheir whirl, taking advantageof the adaptedckernel

vs de nedin Equation(8). As we have seenin Section3.3,
from this whirl we can computethe displacementind the
velocity at every point p in the o w. This is usedto adwect
all the particles,comprisingthe laments.

Everyvortex elemenin the o w in uencesevery particle.
To save computationsyve introducea hierarcly of models

to representlaments, andLODs for the nest model.
The nest lament modelconsistsof a setof connected

particles.The computatiorof the lament whirl is based
on the integrationof j on its sggments.We detail it in
Section5.2,aswell asits LOD structure.
The coarserlevel consistsof a circular ring, treatedin
Section5.1. A circle is an approximationwhich makes
sensesince o w perturbation®ften startassimplevor-
ticity rings, which can remaincircular for a while de-
pendingon the ervironment. It alsomakes senseto ap-
proximatesmall rings by circles since the extra detail
would have little effect at distance.Corveniently the
whirl of a circle can be computedanalytically which
malesit especiallyef cient.
Similarly, a coarsemodelshouldbe handledfor straight
laments. In fact,this casecanbe handleddirectly asthe
coarsestOD level of theregular lament model.
For the coarsestevel we introducea vortex noisemodel
consistingof isolatedvortex primitives. We detail it in
Section5.3.
For eachof thesemodelswe describehow to evaluatetheir
whirl andhow to updatetheir structurethroughsimulation.

5.1. Circular Ring

Circular Ring Whirl: A circle is de ned at eachtime
by a centerc, aradiusk, anda vectorz perpendiculato the
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circle plane.The symbolicintegration of the sectionwhirl
alongthecircle givesglefollowing whirl:

Feircle(P) = ki (p;t) du = GbT{ "3 (10)
where a = jp ¢2+P+K2

4

h= 2 (9 b= i
Circular Ring Advection:  Theadwectionof our circular
ring is donein three steps:taking sampleson that circle,
adwecting the samples,and tting a circle to the newly
obtainedpositions.Whenthe circle tting erroris too high
accordingo auserde ned criterion,it canbe swappedwith
acloseddeformablelament.

5.2. Deformable Filament

A deformable lament C; is representedvith a polygonal
cune, i.e. vertices connectedby segments.The lament

is simply deformedby adwecting the vertices. The total

whirl Fi(p;Ci), generatedat a point p by the polygonal
cune, is computedby summingthe whirls generatecby

eachsegment.In the next subsectionwe describehow to

computethe whirl of a segment.The polygonalcune to be
usedis determinedaccordingto our LOD schemeand an
error criterion, which are describedin the two following

subsections.The result in p is reasonablyvalid for a
neighborhoodiroundp, andthusthe LOD to beusedcanbe
computedonly oncefor a clusterof mary particles.These
clustersare de ned usinga oating grid which adaptsto

cloudsof particles(typically, the smole particlesdescribed
in Section6).

For de ning theLODs hierarcly of adeformablelament
we build a binary-treeof polygonalcurves,whosenodesare
segments.Theleavesrepresenthe sggmentsof the detailed

lament, andeachinternalnoderepresents segmentwhich
is theaverage of its two children.

Segment Whirl: Let us dene a sgment (po;p1)
parameterizeth u 2 [0; 1]. Let usdenoteby | thelengthof
the sgment. The symbolicintegration of the sectionwhirl
alongthe sggmentgives:

Fsegmen(p) = | j(p;U)RdU = Gh(p) TS? S; 11)
wherethescalarfunction h= " ys(p;u) du is: I
a4 2

_ S ag a I ag aj

h(p)= 2a2p2  do+ &2 * di+ 52+ g(arctan§+ arctan;)
inwhich ~ do=jp Ppoi’ di=jp pi®
= Jdo+dy 1% a®=dody d?+1%8
ap=dy d a=0d d

Sincea repeateckvaluationof the above expressionis ex-

pensve, an accurateapproximationis useful. If we denote
by pmin andpmax theclosestandfarthespointsfrom pointp

onthesggmentwe canminimizeandmaximizetermsin the
integrandof Equation(11):if j ws(Pmin) ~ ms(Pmax)j < &,

thenthefollowing is agoodapproximation:

ﬁsegmeg(p) = GE(P)TE(; Eé
where h(p) = %( ms(Pmin) T ms(Pmax)) (12)

Building the LOD Tree: The laments deform during
the simulation,sotheir LOD treehasto bereconstructect
eachtime step.To build the tree bottom-up,all thatis re-
quiredis amethodfor averagingpairsof neighborsggments.

Our criterion is to bestpresere the whirl, i.e. that the
whirl of eachlevel of thetreeis ascloseaspossibleto the
whirl of the levels belaw, for ary point whereit will be
evaluatedater

Finding a polygonalcurve whosewhirl bestmatcheshe
whirl of a polygonal curve with twice as mary segments
is an expensve minimization problem,that we cannotaf-
ford to solwe interactizely. We proposehe following simple
schemewhich works well. Other schemesould be used,
suchasaninverse-subdision schemgSNBWO03].

Thestartingpointis adetailed lament with 2! segments.
Thesecorrespondo thetreeleaves.

For eachpair of neighborsegmentd 2i; 2i+1g, we de ne

the parentsggmenti with a length equalto the sum of

the lengthsof its children,andintersectingthe children
at mid-length.For its circulation,we simply take the av-

erage. l+1
2

1+1

i
We repeatthis stepuntil therootis reachedi.e. a single
segmentfor open laments, andat leastthreesggments
for closed laments.

Choosingthe LOD of aWhirl:  Determiningthe LOD of

thewhirl to beevaluatedor apointp (andits neighborhood)
is donetop-dovn by fetching ner segmentsin anadaptve

non-uniformmanner The sgmentsubdvision criterion is

basedon an estimateof the error producedwhenusingthe

whirl of a single segmentF g, insteadof the sum of the

whirls of its two childrenF ¢; andF ¢,. The exactgeometric
erroris the distancebetweerthetransformof p by thetwist

encodedy F ¢, andthetransformof p by thetwist encoded
by Fe, + Fe, (applyingEquation(7)):

&p) = | exp(di(Fe + Fe)) P exp(dtFe) pj

In orderto save costly computationswe rely on two ap-

proximationsto estimatethis error. Firstly, we approximate
twists with translationsj.e. a rst order approximationof

the exponential:exp(M) 1+ M. Secondlyfor computing
the matrices Fq we estimatethe costly integration of

Equation(11) by boundingthekernel ys for eachsegment.
Thus,anapproximatiorof theerroris:

~ i i 2
&p) = max ws()Me, P+ ws(05)Me, P ws(db)Mey P

where
Me is thematrixdt G T, 52, associateavith edgei
a?; gt aretheclosestandfarthestpointsfrom p one

Deformable Filament Advection: The leaf vertices
of a lament are simply adwectedlike particles,and the
binary-treeis updatedat eachtime step. Wheneer the

¢ TheEurographic#ssociation2005.
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leaf sgmentsthemseles are too stretchedand become
undersampledseveral solutionsareavailable:

Add anextra LOD level by splitting all the segments.
Resamplehecurve evenly.

Wait for the lament to naturallyvanish,sincethe over-
stretchingwealensit (seeSection4.2).

Let the userdecidewhento fadeout the curve, e.g. by
keyframingn(t).

5.3. NoiseVortices

The amount of detail that can be simulatedwith CFD
methodsis limited, since an increaseof resolution re-
guiresa signi cant increaseof computingresourcesln or-

der to circumwent this limitation, tricks can be usedin

CG for amplifying realism: various kinds of noise func-
tions have beenproposedin the literature,such as Perlin
Noise[Per85], o wnoise[PNO1] andstochastidivergence-
free elds [SF93,RNGF03].But their visual quality suffers
from the factthat the noisedoesnot satisfythe uid prop-
erties:only thelastkind is divergence-freeandall of them
lack the temporalcoherenyg of eddies.In our formalism,a
usercanmodelanef cient andhigh quality noiseby spavn-

ing noisevorticesin areaswhereturbulenceis wanted.A

noise-\ortex consistsof a positionc;, an axis of rotationg

andarotationamplitudeG. It only in uencesmarker parti-
cles,within aradiusof in uencer;. It is adwectedin the o w
like the otherparticles.

An adwected axis
cannot be simply
transformed  using
the Jacobianof the
displacement J(f)
(where f is de ned
in  Equation (7))
like a material tan-
gent would: the
stretching of the ow would tend to align neighboring
axes along the main axis of the local stretch.In orderto
keep unomganizednoise axes, the eigervectorsof J could

Figure 3: Left: Two leapfroggingcir-
cle lament and noise particles.Mid-
dle: Flow simulatedwithout the noise.
Right: With the noiseparticles.

be used; but casesarise where they are undetermined.

We proposea simple schemein which these eigervec-
tors are attractors (when they exist): we attach a sort
of local Frenetframe (t;n;b) to particles,composedof
tangent normal and binormal axes, updatedas follows:
=3t n°=3n b=t n
where J¢ is the cofactors matrixt® of J (see [Bar] for
justi cation). Thenwe de ne noise vortices amongthree
catgyories,tangent-vorticesnormal-vorticesandbinormal-
vortices whose rotation axes are de ned by one of the
frameaxes.

10 |f wedenoteby f jo:j1;j 29 thecolumnsof J, thenthe columnsof
Jearefji j2ij2 joijo J10.

¢ TheEurographic#ssociation2005.

6. Smoke Particles

In CG applicationghevisual uid featuresconsistof inter-
faces(water surface), the distribution of markers (smole,
cloud droplets, colors), or the adwection of objects (e.g.
leaves). Advectionof passie®! objectsis doneeasilywith
our methodby simply evaluatingthe whirl at the objectlo-
cation: this providesthe new objectpositionaswell asits
rotation.

The purposeof this
sectionis to describe
our representationof
marler densities. Eu-
lerian methodscan ei-
thertreatthis density
as an extra quantity
to be updatedat grid
nodes, or rely on particles spavned in the simulated
ow [FMa]. Naturally Lagrangianmethodsrely on parti-
cles,i.e. oating markerswhosepositionp; is carriedby the
ow. Sizelessparticlesmale it dif cult to maintaina cor
rectsamplingof thevisible featureghroughsimulation,and
complex heuristicsmustbe provided to generatenew parti-
clesin undersampledlenseareas.This canresultin visual
artifacts, especiallyfor highly stretchedo ws. Instead,we
considerblob particles[SF93]to which a referencesize s;
andadensityr ; areassociated.

Figure 4: without (lefty and with
(right) particledistortion.

The uid parcelcorrespondingo this volumewill distort
in a complicatedmannerthroughtime. [SF95] reproduced
this effect on large blobs using backwarpedrays, but this
techniquedoesnot easilyapplyto real-timerendering.

Assumingthat particlesaresmallandthatthe magnitude
of their strainis tiny comparedo the large scalemotion of
the uid, we handlelinear anisotropicdistortion of blobs,
i.e. we simulateellipsoid blobs. This enabledong smooth
particles,which givesa high quality resultat low cost(see
Figure4). Whenthe stretchingoecomedoo high for thelin-
earassumptionye split the particle.

The ellipsoid shapeof our blobs is representedy a
guadratic form Q;, whose eigervectors f ep; e1;e,g and
eigevaluest | o;l 1;1 2g givetheellipsoidprincipalaxesand
squaredradii. They canbe recoreredby diagonalizingthe

matrix Q;. 0 1
lo 0 O .
Q= & & & @0 1, 0A & & &
0 0 Iy
Stretching Smoke Particles:  The strainaddedduring a

time stepis given by the Jacobiah® of the displacement
J=r (f) wheref is de nedin Equation(7).

11 Cross-interactiometweenlarge objectsandthe uid is a com-
plex problemwhich is beyondthe scopeof this paper

12 It is importantto notethatthis is notthe uid density

13 Notethat[Ney03] only considerghenormof thestrainandthus
doesnot capturethedirectionalinformation.
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The ellipsoid shapeof our blobs directly representshe
accumulateddistortion. Starting with Q; = sl, at each
time stepwe computehow the ellipsoid is deformedwith
Q= J(p) Q@ J"(p). Notethatasidefrom numericakerrors,
incompressibilityyieldsdet(J) = 1 sothevolumeof theblob
is presered.

Splitting Smoke Particles:  Let us denoteby | ¢ the
largesteigervalueof the deformationtensorQ;, Bomaspond-
ing to the main axis ey of the ellipsoid. When | =5 ex-
ceedsa thresholdthe particleis too stretchedso it is split
acrosghestretchingdirectioney. Two childrenparticlesare
generatedy placegf theparentparticlewith the sameaxes
andradii ( 1 9=2; 11; 152). Eachchild keepsthe same
referencesiz%a, inheritshalf of thedensityr ;, andis placed

at pointp; %eo (ep is assumedo beunitary).

Drawing Particles:  An ellipsoidparticleis easyto render
sinceits projectionin screenspacecan be obtainedanalyt-
ically. Giventwo orthogonal3D unit vectorsx, y contained
in theviewing planethe2 2 projectedmatrix Qyp is:
T
Qmp = yT Q x 'y

Thus,to rendertheparticleswe sorttheellipsoidsin depth
andsimply rendereach2D ellipseon a billboard facingthe
camerathe orientationandsize of the billboard are deter
minedby Q,p eigervectorsandsquarerootsof eigervalues.
We only needa smalltexture containinga circular gradient
of opacity whichis sharedoy all the splattedparticles.

7. Interacti ve Designof Flows

For our testswe have implementedan interactve editor
allowing usersto specify and edit a ow. While simple
enoughi,it illustrateshow our representatiorallows a user
to designeditandcontrola o w.

Geometricobjectsare of two kinds: vortex laments and
smole particles(plusobstacles)Vortex laments consistof
curwes that can be interactively insertedin the scene,and
thenloadedor saved on disk. Smole particlesare treated
similarly asin particle systemseditors:their initial position
is spreadinteractvely or procedurallywithin simple vol-
umesor on surfaces Both typesof objectshave variousas-
sociatedhttributescontrollingtheir behaior or their appear
ance.

The frame-
work of our
scene editor is
similar to the one of a classicalCG animationsystem:the
usercanselectthecurrenttime with aslider, thenaddor edit
the geometricalcontent,tune the attributes, and keyframe
geometricalor attribute data. When playing part of an
animationin the editor, the keyframeddatais treatedin a
standardvay, while the non-keyframeddatais simulatedin
real-timewith our uid engine Bothkindsarethusnaturally
integrated.Combinationsare easyto managethe usercan

Figure 5: A vortex ring following a curve.

keyframe the extinction of a simulated lament, or let a
lament interpolatebetweena simulationand a keyframed
curwe, or switch from one modeto the other for a period
of time.

At ary time, the ow can be renderedeither in fast
or high quality rendering. The quality/efciency ratio
can be controlled in two ways. Firstly, by selectingthe
visual effects: e.g. shadavs, complec lighting. Secondly
by tuning the smole particles' global attributes: sampling
density self-subdvision enabling, ellipsoidal distortion
enabling andassociatethresholdsAs shavn in theresults,
reasonableenderingsanbeobtainedn real-time.

Thus,unlike usual uid simulatorswhosevariouslimita-
tionsfrom the CG pointof view arementionedn [LF02], the
framawork in our uid editoris similar to thatof a geomet-
ric modeler In particular the o w featuresarerepresented
asvectorialcompactdata This hassereralconsequences:

It is easyto storethe entireanimatedsceneandto edit it
interactvely, goingbackin time to changea detail.
Featuresiremeaningfulandeasyto handlefor theartist.
The simulationis resolution-independerdnddetermin-
istic in practice,as opposedo grid-baseduid simula-
tionswhereresultschangenvhenthegrid sizechanges.
It is easyto play several minutesof animationbefore
reachingtherelevanttime rangeto berendered.

It is easyto re-rendera given simulationwith new ren-
deringattributes,or to addnew frameslater.

8. Results

Features: The effects of vortex-inducedmotion, noise,
collision on the oor, distortion of smole particles,and
keyframedvortices,areillustratedin Figuresl to 5. Theac-
comparying videopresentsheseeffectsanimatedplusvari-
ousexamplesfrom a simpleplumeto complex elds. Some
arereproducedn Figure6. The smole sheetin a3D ow
(Figure 6¢) deseres somecomments:asis donein real-
world wind tunnels,we have placedsourcef smole such
thatathin sheebof markersinteractswith the3D o w.

Complexity and Performances: Let ns be the number
of laments, k; thetotal numberof lament segmentsatthe
nest level, k¢ theaveragenumberof lament segmentscon-
sideredtaking LOD into account,n, the numberof noise
particles,ns the numberof smole particles,fin the average
numberof noiseparticlesactingon a smole particle.

Thesimulation costcanbeestimatedrom thenumberof
evaluationf F sgmen as(ks+ nn+ ns)Rf+ nsfin. Its mostsig-
ni cant componenis nsks. This meansthat the simulation
of laments aloneis almostfree, which makesthe interac-
tive modelingof o w featureseasy All the simulationtime
is spenton smole particles.Accountingfor particlesdistor
tion multipliesthecostby 4 dueto the nite-dif ferenceesti-
mationof the JacobianThegrid LOD factorizationyieldsa
15%saving. Seebelow for possibleéimprovements.

¢ TheEurographic#ssociation2005.
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a b c

Figure 6: Variousexamplesof animatedo ws.

The rendering cost decomposesnto the splatting of
smole particles (comprising the calculus of the ellipse
shapesandtheshadav calculation(selfandcast). Theshad-
ows representhe main partof the renderingcost.We mea-
suredthattherenderingcostwasroughlyindependentf the
resolution(about2% of overheador 12 timesmorepixels).

Benchmarks: Thefollowing performanceneasurements
were doneon a Pentium4 processomt 2:8 GHz with an
nVIDIA GeForce FX 5200 graphicsboard. Note that we
measuresimulation and renderingwith smole particles.
Simulationandvisualizationof laments alonein the ow
editoris real-time.

Heavyexplosion(Figure6b). The eld is de ned by 2 cir-
cleringsand100noisevortices. Thesmole consistof about
5,000non-deformablgarticles.The animationis rendered
(without shadevs) at 16 fps.

Smole sheet(Figure6c). The eld is de ned by 10 circle
rings. The smole consistsof about30,000deformablepar
ticles. The animationis renderedat 0.7 fps (or 3 fps using
simpleparticles).

Train smole (Figure6a). The eld is de ned by 20 circle
ringsand20 laments madeof 64 sggmentseach.Thesmole
consistsof about30,000deformableparticles.The anima-
tion is rendered(with shadevs) at 12 secondsper frame,
29% of which is dueto shadavs, and 70%to ad\ection(%)
anddistortion(%) of smole particles.

Field of plumegFigure6dande). The eld is de ned by 6
laments startingascirclesthenturning to deformablela-
mentsmadeof 64 sggments.96 noiseparticlesper lament
wereusedfor e, andno noisefor d. The smole consistsof
about50,000particles.The animationis renderedat 7 sec-

ondsperframefor d and23 secondperframefor e.

Comparisorwith [FSJ01], areferenceor smole simula-
tion. It is not really possibleto comparefairly an Eulerian
anda Lagrangianmethod,sincetheir respectie resolution
doesnot measureat all with the samestandardsMoreover,
whatis aneasycasefor onemethodcorrespondso thedif -
cult casefor the otherandcorversely(e.g.resoheddetailvs
crovdedvolume).Still, we tried to producetwo o wswhere
apparentompleity was roughly comparableo examples
of [FSJO01].In thefollowing we have upgradedheir timings

¢ TheEurographic#ssociation2005.

Figure 7: Benchmarkingwith scenesloseto [FSJO1]Fig.3 and
Fig.8.

accordingo our CPUclock.

- The eld shavn onFigure7(left) is simulatedat 0.9fps. It
resemblesheir Figure3 which would play at 0.1 fps.

- The eld shovn on Figure7(right) is simulatedat 24 fps.
It resemblesheir Figure8 whichwould play at 1.6 fps.

PossibleEnhancementsto Impr ove Performances:

As we have seendeformationof smole particlesis very
costly The deformationof a particle could probablybe es-
timatedonly oncein a while. Moreover, the Jacobiarcould
be calculatedanalyticallyratherthanrequiring3 extra eval-
uationsof F for eachparticle.

F is evaluatedbillions of times. The oating grid only
saresLOD estimationslt shouldbe possibleto sase a lot
moreby interpolatingin grid cellsthecomponentsf F cor
respondingo distantvortices.In our formalismthe results
of the integrationF is a whirl operator and not directly a
new pointor velocity, soagoodquality interpolationcanbe
expected.

Smole particleskeepsplittingwith stretchingthusnumer
ousdiluted particlestendto appearIn our applicationwe
cancelparticlesundera densitythreshold but this canlead
to visualartifacts(vanishingsmole) sincethe accumulation
of numeroudliluted particlesmaystill bevisible. Neighbor
ing diluted particlesshouldbe resample&ndcombinednto
biggerparticles.

9. Conclusionand Futur e Work

We have presented methodwhich allows the fastandeasy
design and simulation of o ws such as turbulent smole

by relying on a compacthigh-level primitive, the vortex

lament, which inducesthe velocity eld. As a geometric
object,it is easyto editandanimatein a modeler We have

also presenteda renderingschemebasedon deformable
particlesto representand renderthe smole adwectedin

this eld. Our Lagrangianvorticity schemedoesnot suffer

numerical dissipationand is not boundedby ary grid.

The simulationis independenfrom the rendering,whose
resolutioncan be chosenand changedafterwards without
side-efectsonthesimulation.Our animatedexamplesshav

thatvery detailedresultscanbe generate@f ciently .

Theissuesfacedby Vortex Methodsin uid engineering
are also of interestfor CG, evenif in our domainwe can
circumwent most of the constraints.Theseissuesconcern
comple ervironmentsandlong simulations For theformer,
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comple boundary conditions should be considered,and
LOD shouldbeextendedo accounfor clustersof laments.

For thelatter, thecomplex interactionon laments shouldbe

modeled especiallytheir reconnectionandcollapsesBoth

issuesaredif cult to dealwith usingpurea Lagrangiarap-

proach.Possiblesolutionsconsistin mixing the approach
with a grid-methodfor handlingthese.We may be not so

far from interactve walks throughdetailedliving features
insidelarge o ws!
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Appendix A: Exponentiabf Matrices

In this section,we describehow to computethe exponential of
matricesof the form M = T as de ned in Equation(4). The
following formulaswere obtainedusingthe seriesde nition of the
exponentialexpM = & o & M¥. Notethatthey areexact,i.e. nota

third ordergxpansion.
>+ M ifjiwj=0
1 cosjWj g2, SiNjwj B —
expM:>|+W2—M +WM ifw m=0

1 cosiwj ng2, iWj sinjwj .3 i
I+ M+ Wi M=+ Wil M<  otherwise
It canbe shown thatfor apointp, (expM) p translate if jwj = 0,

rotatesp if w m = 0, otherwiseit twists p. The logarithm of a
matrixis de ned asaninverseof exp.
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