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Abstract

We presentsweepers, a new classof space deforma-
tions suitablefor interactive virtual sculpture. The artist
descrites a basic deformation as a path throughwhich a
tool is moved. Our tools are simply shapes, subsetsof 3D
space. Sowecan useshapesalready created ascustomizel
toolsto makemore complexshagesor to simplify the mod-
eling process.

When a tool is movel it causesa deformation of the
working shape along the path of the tool. This is in ac-
cordance with a clay modeling metaphorand easyto un-
derstandand predict. More complicated deformationsare
achievel byusingseveal toolssimultaneouslyin thesame
region.

It is desirable that deformations for modeling are
“foldover-free', that is parts of deformed space cannot
overlap so that the deformations are reversible. There
are gaod intuitive reasonsto believe that our deforma-
tions are foldover-free but we have not yet completed a
proof.

We havean e cient formulation for a singletool fol-
lowingasimplepath (tr anslation, saling or rotation) and
we can demonstiate the e e cts of multiple tools used si-
multaneously.

For representingshages,wepresentameshre nement
anddecimation algorithm that takesadvantageof the def-
inition of our deformations. The prototype implementa-
tion descrited hasbeen usel to create a variety of models
quickly and conveniently.

1. Intro duction

The processa sculptor usesto create a shape can
be regarded as a de nition of the shape. From this
point of view, a represenation such asa NURB or im-
plicit surface is merely an intermediate device be-
tweenthe acts of modeling and rendering. Foley and
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Figure 1. Squirrel character modeled out of an ini-
tial ball. The artist modeled only one side, while the
other is automatically made at the sametime thanks
to the simultaneous tool. There are no discontinuities
causedby the symmetry.

Van Dam remark, \The user interfaces of success-
ful systemsare largely independen of the internal rep-
resertation chosen" [1]. This, surely, is evidencethat
the represenations are inherertly unsuitable model-
ing interfaces.

Our thesis is that the primary represenation of a
model must allow straightforward and intuitiv e edit-
ing by an artist. By intuitiv e, we mean that the edit-
ing operations must work in accordancewith a consis-
tent metaphor that is clear to the artist.

Existing mathematical represerations are not di-
rectly suitable for editing operations, while most ex-
isting editing operations are not intuitiv e according to
a suitable metaphor. For most virtual modeling tools,
this obsenation results from the fact that the math-
ematical represeration is strongly linked to the edit-



ing operations; for example editing the cortrol points
of a NURB patch manually. Spacedeformations stand
apart from this, and can be usedwith any mathemat-
ical model, including implicit surfaceswhen the defor-
mation is reversible. However, spacedeformation has
had more successadjusting existing models than with
creating ertirely new ones, mainly becausethe defor-
mation operations have not been developed to create
a rich set of features. With the exception of [2], [3]
and [4], deformation operations do not prevent surfaces
from self-intersecting. This is crucial, sincespacedefor-
mation cannot remove a self-intersection in a surface.

We seeall thesethings asobstaclesto the creativity
of artists. This paper proposesa classof operations for
sculpture independert of the shape's underlying math-
ematical model. It can be applied in principle to any
standard model. All the examplesin this paper, how-
ever, are deformations of a single sphere. These defor-
mation operations are speci ed intuitiv ely as transfor-
mations of tools where a tool is any shape. They are
continuous(at leastC® and in most casesC?). They are
local in operation, within someuser-de ned distance of
the tools and most importantly they are foldover-free,
preservingthe shape'scoherency The remainder of this
paper is organized as follows. In Section 2, we discuss
the limits of existing techniques.In Section3 we intro-
duce our new deformations as a classof operations ap-
plicable to spacein any number of dimensions.In Sec-
tion 4 we develop closedforms for the e cien t applica-
tion of asingletool in a 3-dimensionalsceneln Section
5we presert the details required to implement the tech-
nigue in an interactive modeler, including an adapted
re nement and decimation algorithm. We show our re-
sults in Section 6.

2. Related work

Spacedeformation provides a formalism to specify
any editing operation, by successiely deforming the
spacein which an initial shape S'° is embedded:

Si= | _fUTa (pjp2 St
wherefti”tis - R" 1 R" js a deformation of spacé.
The reason why space deformations are indepen-
dernt of the mathematical model of a surface is that
they apply to the spacein which the model is embed-
ded and can deform regions of spacewhere there is no
surface,if required. Note that, asfor non-virtual sculp-

n 1
1 fti7ti+1 (p) denotes a function composition sequence

i=0
fth 17'tn ft07!t1(p)

ture, the operations do not commute under func-
tion composition,

This sectionreviewsexisting classef deformations,
organizedin three groups: deformations that are not
suitable for sculpture and can produce a limited set
of shapes, deformations that can produce a large set
of shapesgiven enough parametersfor a few functions
fti7ti«  and deformationsthat canproducea large set
of shapesgiven enoughsimple functions f ti 7' ti-1

2.1. Global

A. Barr [5] de nes space tapering, twisting and
bending transformations via a matrix that is a func-
tion of a spacecoordinate. An interesting result is the
proof that the surfacenormal vector transformation is
given by the transformation's Jacobian co-matrix?. C.
Blanc [6] generalizesthis work to deformations that
are functions of more than one spacecoordinate. Y.K.
Chang and A.P. Rockwood [7] propose a polynomial
deformation that e cien tly achieves\Barr"-lik e defor-
mations and more, using a Bezier curve with coordi-
nate sets de ned at control points. M. Mikita [8] ex-
tends this method to triangular Bezier surfaces.A re-
striction of these methods is the initial rectilinear axis
or planar surface.B. Crespin [9] proposesa technique
basedon recursive subdivision in order to use an ini-
tially deformedtool. His deformations do not prevert
the shape from self-intersecting.

All these deformations are global, and can be han-
dled easily by the user becausethey have few cortrol
parameters.However becauseof their non-locality, they
are not suitable for surfacesculpture.

deformations

2.2. Many parameters, few functions

T. Sederkergand S. Parry [10] intro ducedFree-Form

Deformations (FFDs) which allow contin uousspacede-
formations with multiple points transformed. They de-
ne the lattice of control points for aBeziervolume and
move the cortrol points. The embedded spaceis then
smoothly deformed by interpolating the cortrol point
coordinates. A major restriction of FFD is the regu-
larity of the grid. S. Coquillart [11] and C. Blanc [12]
extend this work for a non-regular lattice. Still, a prob-
lem is that a correspondencebetweenthe edited shape
and the lattice hasto be donemanually. W. M. Hsu et
al. [13] proposea way of doing direct manipulation of a
single point or multiple points in spacewith FFD. The
regularity and xed sizeof the grid alongwith comput-
ing costsrestrict its utilit y.

2 Matrix of the cofactors



R.A MacCrackenand K.I. Joy [14] usesubdivision vol-
umes, allowing arbitrary lattices. Customizing the lat-
tice onto the shape is however tiresome.
P. Borrel and D. Bechmann [15] generalizethis to ar-
bitrarily positioned cortrol points, where no lattice is
needed:the shapeis non-linearly projectedinto a space
of higher dimension; the deformation is a linear pro-
jection badk onto R3 (or R* for controlling animation).
In Sadef (Simple Constrained Deformation) instead of
just cortrol points, P. Borrel and A. Rappoport [16] use
also control areas,and the control features can be as-
signed orientations to perform twists. These methods
de ne the deformation as a projection of a built space
of higher dimension. Issuesarise for cortrolling the de-
formation, becausethe pseudo-irversecomputation in-
volved doesnot always behave intuitiv ely.
L. Moccozetand N. Magnenat-Thalmann [17] propose
another approad to get rid of lattice regularity. They
usea method developedby G. Farin [18] to de ne acon-
tinuous parametrization over the Sibson coordinates.
Still, cortrol points have to be placed manually, and
computing the Sibsoncoordinates is expensive and dif-
cult.
The above methods do not guarantee not to fold the
surface on itself. James E. Gain and Neil A. Dodg-
son [4] presert a foldover-free condition and a cure for
FFD deformations basedon uniform B-Splines.
These methods can achieve very complex deforma-
tions but at a cost: either they are computationally in-
tensive, or the e ort required from the userto specify
a lattice is high.

2.3. Many functions, few parameters

Another approad to spacedeformation is the def-
inition of simple deforming tools. In this framework a
shape is modeled by combining many simple deforma-
tions.

The rst surfaceediting tool intro ducedthat lookslike
spacedeformation is warping, by R. Parent [19]. Ver-
tices within a distance (discrete number of edges)from
a selectedvertex are warped, that is, a weighted trans-
formation of the selectedvertex is applied to them.

P. Decaudin [2] proposesa tool that allows modeling a
shape by iterativ ely adding or removing the volume of
simple 3D shapes (eg. sphere, ellipsoid). These defor-
mations do not allow bending or twisting a shape, so
they needto be coupledwith other deformationsto be
general. They are foldover-free.

G. Wyvill et al. [20] introduce feature modeling, lo-
cal space deformations applied to a parametric sur-
face. A translation, twist or bend is applied around
a point within a limiting ellipsoid. The deformation
has a second-ordercortinuity. The interesting point is

that intuitiv e editing is performed within the scene's
space, as opposed to the surface's parametric space.
Also, it shows that a spacedeformation tool can eas-
ily beturned into a surfaceediting tool.

Y. Kurzion and R. Yagel[21] presernt deformationsthey
call rayde ectors. An inversedeformation can be com-
puted, allowing deformation of the rendering instead
of the shape. Their tool can translate, rotate and scale
space,contained in a sphere,locally and smoothly: the
deformation is however interpolated only by the cen-
ter point of the tool. Moreover, they de ne a discon-
tinuous deformation that allows oneto cut space.

K. Singh and E. Fiume [22] introduce wires a geo-
metric deformation technique which can easily achieve
a very rich set of deformations with curvesas cortrol
features;however the deformation doesnot prevert the
object from self-intersecting, and the only featuresthat
can remain undistorted are curves.

B. Crespin[9] introducesthe IFFD (Implicit Free Form
Deformation). Note that though it is called implicit,
the deformation applied to an embedded shape is ex-
plicit: the eld generatedby a skeletonmodulatesa ne
transformations. He alsoproposestwo ways to combine
many transformations simultaneously.

D. Mason and G. Wyvill [3] introduce blendeforming
using reversible (foldover-free) local deformations that
can specify the deformation by cortrolling the position
of a point or the cortrol points of a curve.

The modeling philosophy of all these meth-
ods is to apply simple deformations one after the
other as a sculptor would do. In the zones de-
formed by the tool, it is dicult to control precisely
which portion of the shape will be rigidly trans-
formed.

A drawbadk of all the methods above residesin the
relation betweenthe deformation and the clay: either
it is manually de ned by the user, or making the corre-
spondenceis the bottleneck of the algorithm. As a re-
sult it is dicult to push or pull a particular part of
the surfacepredictably.

3. De nitions and algorithm

Before describing how we perform the generaldefor-
mations, we de ne the subsetsand the matrix notation
we use. Then, we explain how we handle foldover-free
deformation with a single tool. We conclude this sec-
tion with the complete deformation expressions.

3.1. Terminology and notation

We call tool j a scalar eld } cp2 R" 70 1]
(the superscript t denotestime). To specify tools eas-



ily, we usethe following C? piecewisepolynomial func-
tion ; : R 7! [0;1] of a distance function d} R 7IR:

@ - 0 if  d
D= 14 (9325 69) 10) if d<
Wedene | = ; d,asshownin Figure 2. Note that

ead tool has a di erent coating thickness . For the
following, the minimum of its derivative will be needed:

1:875

J

min(—dj)

The scalar eld } has a local support, and is C?
where the distance function is smooth within a ;-
neighborhood of the tool. We distinguish three zones:

the inside T, where |(p) = 1.
the coating K|, where {(p) 2 (0;1).
the outside O, where |(p) = 0.

We represen a tool's transformations by keyframes
(to; :::tn), with the corresponding matrices (the trans-
formations we considerare 4 4 matrix products of
translations, uniform scaling and rotations):

absolutetransformations M jt‘ , usedto compute the
distance to the tool.

. . (Tt " )

relativ e transformations th'“' ! :th' 1(th') L
To compute the transformed scalar eld } at tj, we
evaluate the distance in a canonical frame set, and we

rescalethe distance by using the transformation's de-
terminant:

d' (p) = det(M")sd°(M") *p)

Looselyspeaking, the scalar ]t (p) is the amountof de-
formation of tool j at time t; at p. To blend or to com-
pute fractions of deformations, we usethe operator
and dened by M. Alexa [23], which behave like
and + for scalars®. The nave deformation of a point
with a single tool would be:

furts (= fip) M p

This, however, doesnot prevert the spacefrom folding
onto itself.

3 isde ned as M = exp( logM)and isdened asM

N = exp(logM + logN)

= j d; (p)

Figure 2. 2D scalar eld for a disk of radius 1, with
i = 1
j

3.2. Single tool and foldo ver issue

We intro duce our deformations with a singletool j
to underline how we solve the foldover issue. Suppose
for instance that th‘m‘” is a translation of length
larger than the coating thickness ;; it would map
points from Tjti onto points of Oj-t”l, folding space
onto itself, as shown in the left of Figure 3. How-
ever, if we decompose the transformation into a se-
ries of s small enough transformations, foldovers can
be avoided, as shown in the right of the gure. If there
was a closedform expressionfor the deformation when
s! +1, we would not needto bother with stating
a foldover-free condition. In practice, computing this
closed form seemsimpossible, and taking the small-
est number for which the deformation is foldover-free
is enough. We will therefore de ne a lower bound to
s, and create equally spacedsub-keyframesf ¢;::: sg,
suchthat o= tj and s = tj+1.

For the rest of the paper we will focus on a single
interval [ti;ti+1 ], so let us simply denote the relative
transformation M; = M;"""** . The in-betweenabso-
lute transformations are:

k

— Mj

ti. .
- MY k2[0s 1]

and the in-betweenrelativ e transformations are all the
same: 1

- M
s J

We have shown in Appendix A that the following is a
lower bound to the required number of steps:

min( . )S}ﬁé jilog(Mj)pijj < s (1)

wherepi,1.) are the cornersof a bounding box around
K
J

3.3. Deforming with many to ols

Applying more than one tool at the sametime at
the sameplace has applications such as shown in Fig-
ure 1, where we modeled a symmetric object by ap-
plying the sametool symmetrically with respect to a



Foldover Foldover-free
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Figure 3. 2D illustration of our solution to foldovers.
Left: the deformation maps space onto itself. Right:
the deformation is decomposed into small foldover-
free steps.

plane. It is also usedwhen de ning a deformable tool
made of several rigid parts such as a hand, and it al-
lows the surfaceto be pinched. This could be useful
later when we extend our method to incorporate topol-
ogy changes.

Let us de ne n tools sharing the samekeyframest;,
with ead tool assiated with a scalar eld } Each
tool is also assaiated with a relative transformation
Mj”!ti+1 betweenkeyframest; and ti.1 . The following
expressionprovides a piecewisesmooth* combination
of all the transformations at any point p in space(we

denote j = ]tl and MJ = thi7! ti+ to Slmpllfy the
expression):
( P )
| Q if k=1 k(P)=0
Lo ana on v 50
=1 A LA (o)

This expressioncan be computed more e cien tly:

{ (=Y

I . |f E:l k(p) 2)
1 o @ i) n ; j 60
i -T2 WL o L 2N i p

eXp kil Kk (P) 1’1( J(p) IOQ(MJ)) |f E=l k( )

where:

4 assmooth asthe ;.

lﬁ is required to produced a normalized
combination of the transformations. This preverts
for instance two translations of vector @ produc-
ing a translation of vector 2d, which would senda
point far away from the tools (the problem is also

discussedin [22]).

1 i”:l a i(p)) smooths the deformation in
the entire space,requiredin the boundary between
K{" and Of'. Indeed, smoothnesswould be lost if
we only usedthe normalization above.

An interesting point about this expressionis that when
comparedto the solution proposedby B. Crespin [9],
there is no extra scalar eld required (only ;) to en-
sure cortinuity in R". The following expressionis a
lower bound to the required number of steps, general-
izing the singletool condition (seeAppendix A):

X

min( d)lg}%] logMjp;, <s 3)

i

where p;, 211,¢) are the corners of the bounding box

around Kjti. To apply the deformation, the steps are
as follows:

1. Compute the number of steps, s, using expression
3.

2. Deform the vertices s times using expression(2),
using £ M; instead of M. The absolute trans-
formation is multiplied by % M; at ead step.

Normal deformation: In order to deform the nor-
mals, we needto compute the co-matrix of the Jaco-
bian [5]. Even though a closed form can be derived
from the above transformation, its length makesit dif-
cult to code and time consuming. In practice, com-
puting the Jacobian with nite di erences works well
enougl?.

4. Fast expressions for interactiv e sculp-
ture

When using multiple tools, the time of the scene
must befrozenin orderto input ead tool oneat atime.
However this is not the casefor editing with a single
tool. In this scenario,the transformations may just be
pure translations, uniform scaling and rotations. The
transformations of a point and its normal are much
simpler to compute, as there is a closed form to the
logarithm of such simple transformations. In this sec-
tion, in addition to e cien t expressionsfor computing

5 WeusedC++ double precision oat humberswith
with coating values ; between0:2 and 10.

= le 12,



the number of required steps, we provide fast defor-
mation functions for a vertex and its normal. For the
normal, computing the Jacobian's co-matrix is not al-
ways required: (comJ')n leadsto much simpler expres-
sions for translations and uniform scaling. Note that
the normal's deformations do not presenethe normal's
length. It is therefore necessanyto divide the normal by
its magnitude. We denote ™t = ( ;; {; })” the gradi-
ent of ! atp.

41. If M is a translation:

The useof canbe simplied with translation vec-
tor & The minimum number of stepsis:

ti
min(—d)J’J djj<s
The s vertex deformations are:

k(p)d
S

f AT (p): p+

The s normal deformations are:
1 1
gk7! k+1 (ﬁ): (1+ g ~k>d)ﬁ g(d>ﬁ) ~k

4.2. If M is a uniform scaling operation:

Let us de ne the certer of the scalec, and the scal-
ing factor . The minimum number of stepsis:

ti
min(—d l0g( )Dmax < S

where D max is the largest distance betweena point in
the deformed area and the certer ¢, approximated us-
ing a bounding box. The s vertex deformations are:

k (p)

frllvi= < (p

Let ~ = Zlog( )(p
are:

c+c

c). The s normal deformations

gt ()= (1+ SR (FTR)

43. If M is a rotation:

Let us de ne a quaternion g( ) of rotation angle
, certer of rotation r and vector of rotation v =
(Vx;Vy;Vz)” . The minimum number of stepsis:
ti
min(—d) Rmax < S

where Rmax is the distance between the axis of rota-
tion and the farthest point from it, approximated us-
ing a bounding box. The s vertex deformations are:
“(p) “(p)
S

f k7! ke (p) = q( —)(p r)q(

+r
S )

As the expressionwe obtained for (comJ «)r was not
as simple asin previous cases,the s normal deforma-
tions are simply given as:

g™ 1 (R) = (comd ¥)A
where:
J k= vwA+ KB+ny

vy A+ ka+ﬁy v:A+ JB+1;

a = p r Ax = (C;Svz; Sw)”
T = a (av)v Ry = ( Sv;;C;Sw)”
C = cos —® R, = (Sw; Sv;C)”
S = sin %

A = (1 C)

B = (Cv"a 97

5. Outline for an interactiv e modeler

Though modeling could be performed by a script, it
is much more corveniert to provide the designerwith
immediate visual feedbak of the current state of the
shape. We provide in this section complemenary in-
formation for a practical implementation. The preci-
sion limit imposedby speedrequiremerts is discussed.

5.1. Shape model

Wewant to cortrol the exacttopology of our shapes.
The objective of such cortrol is to allow the userto de-
ne very thin membraneswithout having them disap-
pear, or having to sample the surface excessiely, as
we were able to do in Figure 8(c). For this reason,we
chooseto handle piecewiseconnected surfaces. How-
ever, the reader may be interestedto know that point-
sampled geometry has recertly had interesting results
[24].

Although our deformations could be applied to the
cortrol points of someparametric surface,we represen
the modeled shape with a triangle mesh,re ned or dec-
imated in order to keep homogeneoussampling. The
restriction to \ C° patches" circumverts the issuesre-
lated to non-regular vertices and maintaining smooth-
nessacrossthe boundaries of parametric patches.

Thus, the sceneis initialized with a polygonal model
of a spherewith sampling properties on the size of the
edgesand the normal variation®. In order quickly to
fetch the vertices to be deformed and the edgesthat
require splitting or collapsing, theseare inserted into a

6 A simple way to obtain an homogeneousspherepolygonization
consists of starting with an octahedron, putting all its edges
longer than h in aqueue, splitting them and putting the pieces
longer than h back in the queue. Each time a split is performed,
the new edgesare ipp edto maximize the smallest angle.



3D grid. Note that this spatial limitation is not too re-
strictiv e for the artist, as our deformations allow us
to translate the entire model rigidly and scaleit uni-
formly. To fetch the part of the scenerequiring up-
date, a query is done with the tool's bounding box.
This bounding box is the one usedin equation (3).

Becauseour deformation algorithm subdivides a de-
formation into a seriesof smaller ones,it provides us
with in-betweentriangulations whoseverticeshave had
thresholded displacemernts. To take advantage of this,
we apply a modi ed versionof the genericalgorithm in
[25]. Our method requireskeepingtwo verticesand two
normals per point, corresponding to the current time

i and next time ;.1 of somesmall stepf 7 i« |

The intuitiv eidea behind our surface-updating algo-
rithm is to assumethat smooth curvesrun on the sur-
face, and that the available information, namely ver-
tices and normals, should be able to represer them.
If this is not the caseafter deformation, then the sur-
faceis under-sampled.

Let us consider an edge e de ned by two vertices
(vo; v1) with normals (ng; n;), and the deformed edge
e de ned by vertices (v§; v9) with normals (n$; n9).

In addition to the conditions in [25] basedon edge
length and angle between normals, we also base the
choice of splitting edge €° on the error between the
edgeand a ctitious point, which belongsto a smooth
curve on the surface. The ctitious point is only used
for measuring the error, and is not a means of inter-
polating the vertices. If the error betweenthe ctitious
point and the edgeis too large, the edgee is split, and
the new vertex and normal are deformed. If the c-
titious point represers the edgee® well enough, then
edgee is collapsed,and the new point is deformed.

We de ne the ctitious vertex asthe mid-vertex of
a C! curve, sincewe only have rst order information
on the surface:

vf= 05(vg+ v+ 0:5((g n§)ng (g n9)nY))

whereg= vJ Y.

Too-long edge: An edgee’is too long if at leastone
of the following conditions is met:

The edgeis longer than L nax, the size of a grid-
cell. This condition keepsa minimum surfaceden-
sity, sothat the deformation can be caught by the
net of verticesif the coating thickness ; is greater
that L max .

The distance betweenthe ctitious vertex and the
mid-vertex of €° is too large (we usedL max =20).

The angle betweenthe normals n§ and n{ is larger
than a constarnt max.

Too-short edge: An edgee® is too short if all the
following conditions are met:

The edge'slength is shorter than L, (we used
L max =2).

The angle between the normals nd and n{ is
smaller than a constarnt i, .

The distance betweenthe ctitious vertex and the
mid-vertex of €% is too small (we used L i, =20).

Also, to avoid excessiely small edges, an edge is
merged regardless of previous conditions if it is too
small (we usedL yn =20).

We like to stress that the procedure for updat-
ing the mesh is applied at ead small step, rather
than after the user's deformation has been ap-
plied. Because vertex displacemens are bounded
by the foldover-free conditions, we avoid the prob-
lems related to triangulating greatly distorted sur-
faces.Figure 4 shows a twist on a simple shape. Figure
5 shows the algorithm preserving a ne triangula-
tion only whererequired. Figure 6 shows the algorithm
at work in a more practical situation. The proce-
dure is:

Compute the number of stepsrequired, s.
for each step ; 7! j+1 do
Deform the points, and hold their previous values
for ead too-long edgedo
split the edgeand deform the new point.
end for
for ead too-short edgedo
collapsethe edgeand deform the new point.
end for
end for

]

_—

Figure 4. Example of our mesh-updating algorithm on
a highly twisted U-shape. The close-up shows a sharp
feature, with ner elongated triangles.

Limitation: Supposethe sceneis at time ti, sothat
the shape S¥ is shawn to the user, and that he spec-
ies a deformation f "t with the mouse.All the
meshre nements and simpli cations are performed in
SK. This is however an approximation, as ideally the
operations should be performedin the initial shape S°,

k
and 0f it should be applied to the new vertices.
i



Figure 5. Behaviour of our mesh-updating algorithm
on an already punched sphere. The decimation acom-
panying the secondpunch simpli es the small triangle
of the rst punch. The tool hasbeenremoved for bet-
ter visualization.

Figure 6. Close-up of the goat. Notice the large tri-
angleson the cheek and the ne oneson the ear. The
initial shape is a sphere.

This would however becomemore and more time con-
suming as the sequenceof actions gets longer (k gets
larger). The approximation consisting of deforming Sk
rather than S° works well enoughin practice, and is
fast.

5.2. Tool model

We proposeto control the position, size and orien-
tation of the tools by clicking on a controller with the
mousethat allows us to perform translation, uniform
scaling and rotation along three axesor in the view-
ing plane. The tools can have three modes:if the user
performs a right click on a tool, it is in positioning
mode, and can be translated, scaledor rotated with-
out deforming the space.If the user performs a left
click, the tool is in deforming mode, and any trans-
formation will deform spaceand the shape embedded
in it in real time. If the user performs a middle click,
the clock of the sceneis frozen, the tools are in multi-
pledeforming mode. This allows the userto position as
many tools asrequired betweent; and ti.; , which will
deform spacein parallel when the user pressesan ac-
knowledgekey.

Computing the distanceto atool is required to com-
pute the scalar eld ;. The easiesttools that can be
implemented are simple objects (sphere, cube) which
have closed form expression for their distance to a
point. It is however conveniert for an artist to choose
or manufacture his own tools, as every artist has his
own way of sculpting. For this purpose, we propose
the possibility to bakethe piecesof clay in order to use
them asatools (seeFigure 7). By baking, we meanpre-
computing a data structure such that the distance eld
can be e cien tly computed. Various algorithms exist,
and information can found in [26]. Presening them is
beyond the scope of this paper. In our implementa-
tion, we pre-compute a BSP of the Vorone diagram of
the vertices, and compute the distance using the sur-
rounding triangles.

» =N ot

J Ju s

Figure 7. Example of customized tools deforming a
sphere.

6. Results

Even though we limited ourselvesto combining a
few transformations (translation, uniform scaleand ro-
tation), the setof possibledeformationsis already very
high becauseof the arbitrary shape and coating of the
tools, and also becausemany tools' deformations can
be blended. The shapesshown in Figure 8 were mod-
eledin real-time in an hour at most, and were all made
starting with a sphere.

Figures 1, 8(a) and 8(b) show the use of the multi-
tool to achieve smooth and symmetric objects. Figure
8(d) shows that sharp features can be easily modeled.
Figures 8(c) and 8(i) show the advantage of foldover-
free deformations, asthe artist did not have to concen-
trate on avoiding self-intersections: our deformations
do not changethe topology of spaceand thus presene
the topology of the initial object.

7. Conclusion and future work

We have preseried sweefers, a new classof smooth
and normalized spacedeformations that are intuitiv e
sincethey correspond to a clay modeling metaphor and
presene the shape's coherency In order to do this, we
combine transformations non-linearly in matrix loga-
rithmic space,allowing us to parametrize and decom-
posethe deformations using a foldover-free conjecture



that still hasto be proved. In the caseof simple trans-
formations for single tools, we provide fast expressions
used for real time modeling. Future work consists of
specifying more useful scalar elds, possibly using con-
volution surfaces.Also, for deforming implicit surfaces
as well as polygonal ones, a fast way of inverting the
function is required. This is theoretically feasiblesince
our deformations are di eomorphisms of space.We are
alsoinvestigating ways to incorporate changesin topol-

ogy.
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A. Foldover-free conjecture

To simplify notation, let usnote:

Q. _
()= L _piz (1i(p)l(p)) i ()

i=1

Let us de ne two points in spacep;q 2 R%. To nd acon-
dition on the deformation being foldover-free, we prove
the following: if g 6 p, then their images should be di er-
ent:

M
(i(@ Mj)agsé
i=1 j=1

(iP) Mj)p

We consider g being in the neighborhood of p, i.e. the reach-
able space along the n paths of the deformation, with
hj ! 0":

M
a=  (hj Mj)p
We substitute qand rearrangethe equation:

M Y
( i M) (i@ Mj) (b

i=1 i=1 i=1

Mj)p6 p

Becauseh; ! 0", the two leftmost matrices commute,
and their product commutes with the rightmost ma-
trix. We cantherefore write the condition:

(((a)

i=1

i(P+hj) Mj)pép

We supposep is not an eigervector assaiated with eigen-
value 1 of the above matrix, so we can generalize this ver-
tex inequality to a matrix inequality:

(C i (a

i=1

i(p+h) Mj)él

Applying the determinant and rearranging the expres-
sion:

(@ () Y
det(M;) n 6 det(M;)
j=1 j=1
Sinceh; ! 0":
j (@) Y
det(Mj) " 8 det(M;)
j=1 j=1
Let us assumedet(M;) 1. Because8 1;8x 2 R the

function x 7! X is increasing with respect to x, the defor-
mation is foldover-freeif 8j:

i (@)
—h 61

By substituting for j:

Q
Applying the chain rule:
X @ @ @ @) o e,
o Th d @) 14
By developing the derivativ e:
d(@ @) 2@ @)
P :;J "h‘?‘;) kd((lw .:((Ij,k()dl(()“( (TR Qpil(ll @) g 1

It can be easily shown that l’% 2 [0;1], % 2

Q
[0; 1]and —P'(A 2 [0; 1]. Also, we have shown in Ap-
pendix B that 8h 2 R; -4 MeT) ji, and we

know that 8d 2 [0; 1], # min( —). Th us,the defor-
mation is foldover-freeif 8j :

hMp

. i h Mip
mln(—d’) —hj ho
: h M
K6 j mln(—dk) T kP <1

We canrewrite thesen conditions in a single one:

X ) h Mip
min(—) ——— <1
i d h h=0
Note that w = jjlog M pjj. Becausea matrix is

a di eomorphism, we can de ne n bounding boxes P; 21:8]
around Kjti to approximate jjlogM; pjj. Also, since tak-
ing fractions of the transformations prevents the spaceto
fold onitself, wecanintro ducethe number of stepswelook for:

X i 1
in( —- = e, <
j min( d)kjrg[% log(3  Mj)py 1
Sincel< s:

X
mln(—) max

logMjpx. <'s
j Ut g Mj P

This doesnot constitute a proof sincewe haven't shown that
pisnot an eigervector assaiated with eigervalue 1 ofthe con-
cernedmatrix, and weassumeddet(M;) 1.



h hl\/l p”

Let g 2 T' bethe point of the tool that is closestto p:
d(p;T") = d(p; ). Once p hasmoved, g may not bethe clos-
estpoint anymore,so8h 2 R;d(h Mp;T'%) d(h Mp;q).
Therefore we canintro duce this inequality:

B. Proof 8h2 IR; 40 MpTh)

dth MpT'i)
h

lim 4h+ ) Mpa) d(h Mpiq)
!d(?l M pia)

h
To compute the derivative of the distance to a point,
we use the following formula, modeled by dieren tiat-
ing (h Mp Qg2

dh Mpg _ (h _Mp 0 h Mep

h "th Mp 92

And nally ,becausehe length ofavectorisshorter whenmul-
tiplied by anormal vector:

—h Mp p— —
(h Mp g—"—«— (h Mp q?
ih Mpj
Sowe can substitute the latter:
dh Mp;g9 . h Mp.
h ] h ]
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Figure 8. All these shapeswere modeled starting with
asphere,in at most one hour. In (c), the rst modeling
step wasto squashthe sphereinto a very thin disk. In
(9), eyeballswere added.




