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Logic programming slides 2004

From argument to derivation

From logical consequence to derivability

From  |= to  |–  

From semantics to theorem proving
What is theorem proving?

natural deduction

tableaux reasoning

axiomatic proofs

resolution

...

Information in predicate logic

Parent(julia, augustus

Female(julia)

x y ((Parent(x, y)  Female(x))  Mother(x, y))

We want a mechanism that allows us to derive that Mother(julia, augustus).

Logic programming provides that. This only works for formulae that are clauses.

Clause and logic program

A literal is an atom or the negation of an atom.

A clause is a collection (disjunction) of literals.

A Horn clause is a clause with at most one positive literal.

Clause
clause

If  A1, ..., Ak, B1 , ..., Bl are atoms, then

A1 ... Ak B1 ... Bl is a clause.

program notation 

A1, ..., Ak  B1, ..., Bl
disjunctive notation

A1 ... Ak B1 ... Bl
implicit universal quantification

x1 ... xn (A1 ... Ak B1 ... Bl)

Clause
A universal sentence is equivalent to a conjunction of clauses.
A Horn clause is a clause with at most one positive literal.

A  B1, ..., Bl
A is called the head and B1, ..., Bl the tail.

A program clause is a Horn clause with precisely one positive literal.

There are two types of program clause: facts and rules.

A fact is a program clause with an empty tail: A 
A rule is a program clause with a non-empty tail.

Example logic programs

Parent(julia, augustus) 
Female(julia) 
Mother(x, y)  Parent(x, y),Female(x)

Plus(0, x, x) 
Plus(Sx, y, Sz) Plus(x, y, z)

Times(0, x, 0) 
Times(Sx, y, u))  Times(x, y, z), Plus(z, y, u)

Member(x, (x, y)) 
Member(x, (z, y)) Member(x, y)
Goal

A goal is a Horn clause with no head:

 B1, ..., Bl 

The literals B1, ..., Bl are the subgoals. The empty clause is a goal without subgoals. For this we write  (or ( ).

Examples

 Mother(julia, augustus) 

 Parent(julia, x)

 Parent(x, julia)

 Plus(x, y, SSSS0), Times(x, y, SSSS0)

Relation between entailment and proof by refutation

Let be a logic program and {D1, ... , Dl} a set of subgoals.

 |= x1 ... xn (D1  ...  Dl )

is logically equivalent to

, x1 ... xn (D1  ...  Dl ) |= 
and to

, x1 ... xn (D1  ...  Dl ) |= 
To show that an existential formula follows from a set of universal formulas, 

it is sufficient to show that a (larger) set of universal formulas is inconsistent. 

This is the idea on which the proof procedure of resolution is based.

Propositional resolution

Propositional resolution

Given are two clauses A  B and C  D, where A, B, C, and D are sets of atoms. Suppose atom A occurs in both A and D. Let A' be the result of removing some A occurrences from A, and D' the result of removing some A occurrences from D. Then A', C  B, D' follows by propositional resolution from A  B and C  D.

Propositional resolution is sound
Proof

We prove that A', C  B, D' is entailed by A  B and C  D. In other words: {A  B, C  D} |= A', C  B, D'. Suppose A. Then from that and C  D follows C  D'. From C  D' follows (the longer dis​junction) A', C  B, D'. Suppose, instead, that A. Then similarly follows that A'  B and so A', C  B, D'.

Propositional resolution

A resolution derivation or resolution proof is a sequence of zero, one, or more applications of resolution. If is the last line in the derivation with assumptions from , then we write  |– . A refutation is a resolution proof of the empty clause . The refutation  |– '' corresponds to the inconsistency  |= . 

Example

1
Mother(julia, augustus)

2
Mother(julia, augustus) Parent(julia, augustus),Female(julia)

3
Parent(julia, augustus),Female(julia)

4
Female(julia) 
5
 Parent(julia, augustus)

6
Parent(julia, augustus) 
7

Completeness

Propositional resolution is also complete.

Just removing one atom at a time is incomplete:

Try getting the empty clause from 

p, p 
 p, p
Now, we can only get 

p  p
Towards general resolution: Simultaneous substitution

Simultaneous substitution of terms t1, ..., tn for variables x1, ..., xn :

 [x1 = t1, ..., xn = tn]. 

If  is a substition, we write A for the result of applying  to A.

Unifiable

Two expressions A and B are unifiable if there is a substitution  such that A = B. The substitution  is called a unifier. A substitution  is a most general unifier (mgu) of A and B if all unifiers  of A and B are more specific than .

Examples


P(x, f(y)) and P(a, f(g(z))) unify via [x = a, y = g(z)]


P(x, f(y)) and P(a, f(g(z))) also unify via [x = a, y = g(b), z = b]

The first is an mgu (most general unifier)


Q(a, g(x, a), f(y)) and Q(a, g(f(b), a), x) unify via [x = f(b), y = b]


R(h(x), c) en R(f(a), y) do not unify


Mother(julia, augustus) en Mother(x, y) unify via [x = julia, y = augustus]

Unification algorithm (a.k.a. Martelli-Montanari algorithm)

Start with Eq := [u = t]. The variable Eq is called 'the equations'.

Choose an equation from Eq having one of the following (mutually exclusive) forms. Apply the corresponding action. Repeat the procedure until no action can be performed.


If f(u1, ..., un) = f(t1, ..., tn), replace by u1 = t1, ..., un = tn;


If g(u1, ..., um) = f(t1, ..., tn) and g ≠ f or m ≠ n, failure;


If x = x, remove;


If f(t1, ..., tn) = x, replace by x = f(t1, ..., tn);


If x = f(t1, ..., tn) and x not in f(t1, ..., tn), replace all other x by f(t1, ..., tn);


If x = f(t1, ..., tn) and x occurs in f(t1, ..., tn), failure.

After successful termination of the algorithm, Eq is an mgu of t and u.

Example

Do Q(a, g(f(b), a), x) and Q(a, g(x, a), f(y)) unify?

As usual, a and b are constants, x and y are variables.

Eq := [Q(a, g(f(b), a), x) = Q(a, g(x, a), f(y))]

becomes [a = a, g(f(b), a) = g(x, a), x = f(y)]

becomes [g(f(b), a) = g(x, a), x = f(y)]

becomes [f(b) = x, a = a, x = f(y)]

becomes [x = f(b), a = a, x = f(y)]

becomes [x = f(b), x = f(y)]

becomes [x = f(b), f(b) = f(y)]

becomes [x = f(b), b = y]

becomes [x = f(b), y = b]

So, [x = f(b), y = b] is a most general unifier of the two terms.

General resolution

Given clauses A B en C D. Suppose A1, ..., Ak  A and D1, ..., Dl  D. Let   be an mgu of {A1, ..., Ak,D1, ..., Dl}. Write A' for A less A1, ..., Ak and D' for D less D1, ..., Dl. Then from A B and C D follows (A', C B, D') by general resolution.

General resolution is sound. Use that A |= A, for arbitrary atoms and unifiers.
Examples

Ay Af(x), Rh(x)y

Rzf(u), Bz 

Af(u), Bh(x) Af(x)


 = [z = h(x), y = f(u)]


Mother(julia, augustus)


Mother(x, y)  Parent(x, y),Female(x)


Parent(julia, augustus),Female(julia)       = [x = julia, y = augustus]

SLD-resolution

Let D =  D1, ..., D, ..., Dl  be a goal and  a logic program. 

Let  be an mgu with D = A for a program clause A  C . 

Then from D and A  C follows by SLD-resolution (D1, ..., C, ..., Dl).

Successful SLD-derivation (or refutation)

A finite sequence of SLD-resolution steps ending in the empty clause .

Computable answer substitution

This is a substitution that results after a successful SLD-derivation. 

It satisfies that  |= D. 


We also need to specify a computation rule (which subgoal first) and a search rule (which matching clause in the program first). For PROLOG, the computation rule is 'first subgoal' and the search rule is 'first matching clause'.

Example

Logic program








Goal

a
Plus(0, x, x) 







 Plus(x, 0, S0)

b 
Plus(Sx, y, Sz)  Plus(x, y, z)

Derivation

1
 Plus(x, 0, S0)





goal (c)


2
Plus(Sx1, y1, Sz1)  Plus(x1, y1, z1)
rule b

3
 Plus(x1, 0, 0)





from 1,2 with [x = Sx1, y1 = 0, z1 = 0]

4
Plus(0, x2, x2) 





rule a

5










from 3, 4 with [x1 = 0, x2 = 0]

Answer substitution (composition of unifications occurring in the derivation)

[x1 = 0, x2 = 0] [x = Sx1, y1 = 0, z1 = 0] = [x = S0, y1 = 0, z1 = 0, x2 = 0]

In Prolog, the answer is restricted to variables occurring in the goal (query).
Refutation trees visualize search rule options given a computation rule
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/cxy [ currentpoint ] def
66 dict begin
/showpage {} def
0 setgray 0 setlinecap
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1 ne
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 } if
 0 792 translate
 1 -1 scale
 cxy 0 get 792 cxy 1 get sub translate
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%%BoundingBox: 195 298 417 526
%%Title: (Naamloos 1 \(GR\))
%%Creator: (ClarisWorks: PSPrinter 8.2.1)
%%CreationDate: (16:04 Monday, August 4, 1997)
%%For: (Hans van Ditmarsch)
%%Pages: 1
%%DocumentFonts: Symbol Palatino-Roman Palatino-Italic
%%DocumentNeededFonts: Symbol Palatino-Roman Palatino-Italic
%%DocumentSuppliedFonts:
%%DocumentData: Clean7Bit
%%PageOrder: Ascend
%%Orientation: Portrait
%%DocumentMedia: Default 612 792 0 () ()
%ADO_ImageableArea: 30 31 582 761
%%EndComments
userdict begin/dscInfo 5 dict dup begin
/Title(Naamloos 1 \(GR\))def
/Creator(ClarisWorks: PSPrinter 8.2.1)def
/CreationDate(16:04 Monday, August 4, 1997)def
/For(Hans van Ditmarsch)def
/Pages 1 def
end def end
/md 141 dict def md begin/currentpacking where {pop /sc_oldpacking currentpacking def true setpacking}if
%%BeginFile: adobe_psp_basic
%%Copyright: Copyright 1990-1994 Adobe Systems Incorporated. All Rights Reserved.
/bd{bind def}bind def
/xdf{exch def}bd
/xs{exch store}bd
/ld{load def}bd
/Z{0 def}bd
/T/true
/F/false
/:L/lineto
/lw/setlinewidth
/:M/moveto
/rl/rlineto
/rm/rmoveto
/:C/curveto
/:T/translate
/:K/closepath
/:mf/makefont
/gS/gsave
/gR/grestore
/np/newpath
14{ld}repeat
/$m matrix def
/av 81 def
/por true def
/normland false def
/psb-nosave{}bd
/pse-nosave{}bd
/us Z
/psb{/us save store}bd
/pse{us restore}bd
/level2
/languagelevel where
{
pop languagelevel 2 ge
}{
false
}ifelse
def
/featurecleanup
{
stopped
cleartomark
countdictstack exch sub dup 0 gt
{
{end}repeat
}{
pop
}ifelse
}bd
/noload Z
/startnoload
{
{/noload save store}if
}bd
/endnoload
{
{noload restore}if
}bd
level2 startnoload
/setjob
{
statusdict/jobname 3 -1 roll put
}bd
/setcopies
{
userdict/#copies 3 -1 roll put
}bd
level2 endnoload level2 not startnoload
/setjob
{
1 dict begin/JobName xdf currentdict end setuserparams
}bd
/setcopies
{
1 dict begin/NumCopies xdf currentdict end setpagedevice
}bd
level2 not endnoload
/pm Z
/mT Z
/sD Z
/realshowpage Z
/initializepage
{
/pm save store mT concat
}bd
/endp
{
pm restore showpage
}def
/$c/DeviceRGB def
/rectclip where
{
pop/rC/rectclip ld
}{
/rC
{
np 4 2 roll
:M
1 index 0 rl
0 exch rl
neg 0 rl
:K
clip np
}bd
}ifelse
/rectfill where
{
pop/rF/rectfill ld
}{
/rF
{
gS
np
4 2 roll
:M
1 index 0 rl
0 exch rl
neg 0 rl
fill
gR
}bd
}ifelse
/rectstroke where
{
pop/rS/rectstroke ld
}{
/rS
{
gS
np
4 2 roll
:M
1 index 0 rl
0 exch rl
neg 0 rl
:K
stroke
gR
}bd
}ifelse
%%EndFile
%%BeginFile: adobe_psp_colorspace_level1
%%Copyright: Copyright 1991-1994 Adobe Systems Incorporated. All Rights Reserved.
/G/setgray ld
/:F/setrgbcolor ld
%%EndFile
%%BeginFile: adobe_psp_uniform_graphics
%%Copyright: Copyright 1990-1994 Adobe Systems Incorporated. All Rights Reserved.
/@a
{
np :M 0 rl :L 0 exch rl 0 rl :L fill
}bd
/@b
{
np :M 0 rl 0 exch rl :L 0 rl 0 exch rl fill
}bd
/arct where
{
pop
}{
/arct
{
arcto pop pop pop pop
}bd
}ifelse
/x1 Z
/x2 Z
/y1 Z
/y2 Z
/rad Z
/@q
{
/rad xs
/y2 xs
/x2 xs
/y1 xs
/x1 xs
np
x2 x1 add 2 div y1 :M
x2 y1 x2 y2 rad arct
x2 y2 x1 y2 rad arct
x1 y2 x1 y1 rad arct
x1 y1 x2 y1 rad arct
fill
}bd
/@s
{
/rad xs
/y2 xs
/x2 xs
/y1 xs
/x1 xs
np
x2 x1 add 2 div y1 :M
x2 y1 x2 y2 rad arct
x2 y2 x1 y2 rad arct
x1 y2 x1 y1 rad arct
x1 y1 x2 y1 rad arct
:K
stroke
}bd
/@i
{
np 0 360 arc fill
}bd
/@j
{
gS
np
:T
scale
0 0 .5 0 360 arc
fill
gR
}bd
/@e
{
np
0 360 arc
:K
stroke
}bd
/@f
{
np
$m currentmatrix
pop
:T
scale
0 0 .5 0 360 arc
:K
$m setmatrix
stroke
}bd
/@k
{
gS
np
:T
0 0 :M
0 0 5 2 roll
arc fill
gR
}bd
/@l
{
gS
np
:T
0 0 :M
scale
0 0 .5 5 -2 roll arc
fill
gR
}bd
/@m
{
np
arc
stroke
}bd
/@n
{
np
$m currentmatrix
pop
:T
scale
0 0 .5 5 -2 roll arc
$m setmatrix
stroke
}bd
%%EndFile
%%BeginFile: adobe_psp_basic_text
%%Copyright: Copyright 1990-1994 Adobe Systems Incorporated. All Rights Reserved.
/S/show ld
/A{
0.0 exch ashow
}bd
/R{
0.0 exch 32 exch widthshow
}bd
/W{
0.0 3 1 roll widthshow
}bd
/J{
0.0 32 4 2 roll 0.0 exch awidthshow
}bd
/V{
0.0 4 1 roll 0.0 exch awidthshow
}bd
/fcflg true def
/fc{
fcflg{
vmstatus exch sub 50000 lt{
(%%[ Warning: Running out of �¡�À�Ðmemory ]%%\r)print flush/fcflg false store
}if pop
}if
}bd
/$f[1 0 0 -1 0 0]def
/:ff{$f :mf}bd
/MacEncoding StandardEncoding 256 array copy def
MacEncoding 39/quotesingle put
MacEncoding 96/grave put
/Adieresis/Aring/Ccedilla/Eacute/Ntilde/Odieresis/Udieresis/aacute
/agrave/acircumflex/adieresis/atilde/aring/ccedilla/eacute/egrave
/ecircumflex/edieresis/iacute/igrave/icircumflex/idieresis/ntilde/oacute
/ograve/ocircumflex/odieresis/otilde/uacute/ugrave/ucircumflex/udieresis
/dagger/degree/cent/sterling/section/bullet/paragraph/germandbls
/registered/copyright/trademark/acute/dieresis/notequal/AE/Oslash
/infinity/plusminus/lessequal/greaterequal/yen/mu/partialdiff/summation
/product/pi/integral/ordfeminine/ordmasculine/Omega/ae/oslash
/questiondown/exclamdown/logicalnot/radical/florin/approxequal/Delta/guillemotleft
/guillemotright/ellipsis/space/Agrave/Atilde/Otilde/OE/oe
/endash/emdash/quotedblleft/quotedblright/quoteleft/quoteright/divide/lozenge
/ydieresis/Ydieresis/fraction/currency/guilsinglleft/guilsinglright/fi/fl
/daggerdbl/periodcentered/quotesinglbase/quotedblbase/perthousand
/Acircumflex/Ecircumflex/Aacute/Edieresis/Egrave/Iacute/Icircumflex/Idieresis/Igrave
/Oacute/Ocircumflex/apple/Ograve/Uacute/Ucircumflex/Ugrave/dotlessi/circumflex/tilde
/macron/breve/dotaccent/ring/cedilla/hungarumlaut/ogonek/caron
MacEncoding 128 128 getinterval astore pop
level2 startnoload
/copyfontdict
{
findfont dup length dict
begin
{
1 index/FID ne{def}{pop pop}ifelse
}forall
}bd
level2 endnoload level2 not startnoload
/copyfontdict
{
findfont dup length dict
copy
begin
}bd
level2 not endnoload
md/fontname known not{
/fontname/customfont def
}if
/Encoding Z
/:mre
{
copyfontdict
/Encoding MacEncoding def
fontname currentdict
end
definefont :ff def
}bd
/:bsr
{
copyfontdict
/Encoding Encoding 256 array copy def
Encoding dup
}bd
/pd{put dup}bd
/:esr
{
pop pop
fontname currentdict
end
definefont :ff def
}bd
/scf
{
scalefont def
}bd
/scf-non
{
$m scale :mf setfont
}bd
/ps Z
/fz{/ps xs}bd
/sf/setfont ld
/cF/currentfont ld
/mbf
{
/makeblendedfont where
{
pop
makeblendedfont
/ABlend exch definefont
}{
pop
}ifelse
def
}def
%%EndFile
/currentpacking where {pop sc_oldpacking setpacking}if end
%%EndProlog
%%BeginSetup
md begin
/mT[1 0 0 -1 30 761]def
/sD 16 dict def
%%IncludeFont: Symbol
%%IncludeFont: Palatino-Roman
%%IncludeFont: Palatino-Italic
/f0_1/Symbol
:bsr
240/apple pd
:esr
/f0_10 f0_1 10 scf
/f1_1/Palatino-Roman
:mre
/f1_10 f1_1 10 scf
/f1_8 f1_1 8 scf
/f1_7 f1_1 7 scf
/f2_1/Palatino-Italic
:mre
/f2_10 f2_1 10 scf
/f2_8 f2_1 8 scf
/Courier findfont[10 0 0 -10 0 0]:mf setfont
%%EndSetup
%%Page: 1 1
%%BeginPageSetup
initializepage
%%EndPageSetup
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f1_8 sf
.15(/)A
f2_8 sf
.137(S)A
f1_8 sf
.206(0])A
gR
gS 0 0 552 730 rC
261 277 12 9 rF
261 277 12 9 rC
261 284 :M
0 G
f1_8 sf
-.652(ii)A
gR
gS 0 0 552 730 rC
0 G
242 252.016 -.016 .016 290.016 300 .016 242 252 @a
1 G
309 379 78 14 rF
309 379 78 14 rC
309 388 :M
f0_10 sf
0 G
.29<DC>A
f1_10 sf
.067 .007(  )J
f2_10 sf
.135(Plus)A
f1_10 sf
.098<28>A
f2_10 sf
.147(x)A
f1_8 sf
0 1 rm
.118(2)A
0 -1 rm
f1_10 sf
.122 .012(, )J
f2_10 sf
.147(y)A
f1_8 sf
0 1 rm
.118(2)A
0 -1 rm
f1_10 sf
.301 .03(, 0\))J
gR
gS 0 0 552 730 rC
183 337 78 12 rF
183 337 78 12 rC
183 344 :M
0 G
f1_8 sf
.065([)A
f2_8 sf
.098(x)A
f1_7 sf
0 1 rm
.085(1)A
0 -1 rm
f1_8 sf
.224 .022(/0, )J
f2_8 sf
.098(x)A
f1_7 sf
0 1 rm
.085(2)A
0 -1 rm
f1_8 sf
.118(/)A
f2_8 sf
.109(S)A
f1_8 sf
.15 .015(0, )J
f2_8 sf
.098(y)A
f1_7 sf
0 1 rm
.085(1)A
0 -1 rm
f1_8 sf
.118(/)A
f2_8 sf
.109(S)A
f1_8 sf
.163(0])A
gR
gS 0 0 552 730 rC
0 G
-.016 -.016 236.016 372.016 .016 .016 284 324 @b
1 G
267 349 12 9 rF
267 349 12 9 rC
267 356 :M
f1_8 sf
0 G
(i)S
gR
gS 0 0 552 730 rC
315 349 12 9 rF
315 349 12 9 rC
315 356 :M
0 G
f1_8 sf
-.652(ii)A
gR
gS 0 0 552 730 rC
0 G
302 324.016 -.016 .016 350.016 372 .016 302 324 @a
1 G
279 409 66 12 rF
279 409 66 12 rC
279 416 :M
0 G
f1_8 sf
.112([)A
f2_8 sf
.169(x)A
f1_7 sf
0 1 rm
.148(2)A
0 -1 rm
f1_8 sf
.387 .039(/0, )J
f2_8 sf
.169(x)A
f1_7 sf
0 1 rm
.148(3)A
0 -1 rm
f1_8 sf
.387 .039(/0, )J
f2_8 sf
.169(y)A
f1_7 sf
0 1 rm
.148(2)A
0 -1 rm
f1_8 sf
.243(/0])A
gR
gS 0 0 552 730 rC
0 G
-.016 -.016 350.016 444.016 .016 .016 350 396 @b
1 G
357 409 12 9 rF
357 409 12 9 rC
357 416 :M
f1_8 sf
0 G
(i)S
gR
gS 0 0 552 730 rC
165 307 12 12 rF
165 307 12 12 rC
165 316 :M
f0_10 sf
0 G
<DC>S
gR
gS 0 0 552 730 rC
225 379 12 12 rF
225 379 12 12 rC
225 388 :M
f0_10 sf
0 G
<DC>S
gR
gS 0 0 552 730 rC
345 451 12 12 rF
345 451 12 12 rC
345 460 :M
0 G
f0_10 sf
<DC>S
gR
endp
%%Trailer
end
%%EOF

��¡�À�icount op_count sub {pop} repeat
countdictstack dict_count sub {end} repeat
Access_Softek_context restore
�� �¿�ÿ


Semantics 

Herbrand universe H of a logic program  : 

the set of all closed terms in the language of .

Examples

If  = {R(0, x, x) , R(Sy, x, Sz)  R(y, x, z)}, then H = {0, S0, SS0, ...}.


If a language has no constants, choose one. If  = {M(fx) , N(x)  M(gx), N(ffx)} (f and g functions), H = {a, fa, ga, ffa, fga, gga, gfa, ...}.

Herbrand model

Domain is the Herbrand universe H.

Constant term is interpreted as itself: I(a) = a.


For function f and terms t1, ..., tn in H: I(f)(t1, ..., tn) = f(t1, ..., tn).


Interpretation I(P) of n-ary predicate P is subset of set of all pairs (t1, ..., tn).
Herbrand models

Herbrand base (largest Herbrand model)


Interpretation of all P is ‘maximal’: I(P) = {(t1, ..., tn) | t1, ..., tn  H}. 

(The full Cartesian product; the set of all n-tuples (t1, ..., tn); ...)

Minimal Herbrand model µ() 


Interpretation of all P is ‘minimal’: I(P) = {(t1, ..., tn) |  |= P(t1, ..., tn)}.

A logic program always has a unique, minimal Herbrand model.

There may be many other Herbrand models.

Example

Logic program

Plus(0, x, x) 
Plus(Sx, y, Sz) Plus(x, y, z)


The Herbrand base makes Plus true for all triples (x, y, z) of natural numbers x, y, z  {0, S0, SS0, ...}. 


The minimal Herbrand–model µ() is the standard interpretation for addition: all (x, y, z) such that x + y = z.


One of the Herbrand models in between satisfies 1 + 1 = 3, i.e. 

(S0, S0, SSS0)  I(Plus). As it must be a model of the Plus program, 

the inter​pretation must also contain 2 + 1 = 4, 3 + 1 = 5, 4 + 1 = 6, etc. 

Results for the minimal Herbrand model of a logic program

Equivalent are:

 |= 









µ() |= 

 |–  

 

(So in this sense SLD-resolution is complete.)

Counterexamples for arbitrary sets of predicate logical sentences


 = {Pa, x Px} has a model but no minimal Herbrand model. 


The Herbrand universe of  is {a}, but no model on this domain satisfies  .


' = {Pa  Qa} has two minimal Herbrand models: one wherein Pa is true


and Qa is false, and one wherein Qa is true and Pa is false.

Properties of the minimal interpretation may not hold for other models.

For example, commutativity: x y z (Plus(x, y, z)  Plus(y, x, z)).

Addition is not commutative in the '1 + 1 = 3' Herbrand model for Plus: 

2 + 1 =  4 but 1 + 2 ≠ 4.

Skolemization and general resolution

Every finite set of predicate logical sentences  can be 'rewritten' (i.e. remove existential quantifiers) by a process called skolemization, such that a set of clauses * results. The functions doing that are called skolem functions.

Examples

x y Rxy becomes (there is a function f such that) x Rxf(x)


xyzu ((Rxy  Sxyz)  Tu) becomes xzu ((Rxf(x)Sxf(x)z)  Tu)

becomes x z ((Rxf(x)  Sxf(x)z)  Tg(x, z))


x y Rxy becomesy Rky
We now have (write the set  in conjunctive form as  , ditto * as *):


 is logically equivalent to f1 ... fk *


 |=   

* |=   

*  |–  with general resolution
