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g-Analogues of formulas for the number of ascents and descents with specified
equivalences mod k
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ABSTRACT. Given a sequence of integers of length j, 7, we say that a permutation o has a 7-k-match starting
at position i, if the elements in position ¢,i+1,...,74+7 — 1 in o have the same relative order as the elements
of 7 and belong to the same equivalence class mod k, element by element, for some k > 2. If T is set of
sequences of length j, then we say that a permutation o has an Y-k-match starting at position j if it has a
T-k-match at position j for some 7 € Y. Some recent papers have studied the distribution of 7-k-matches
and Y-k-matches in permutations. In this paper, we provide g-analogues to many previous formulas proved
in this area.

1. Introduction

Given any sequence ¢ = o7 ---0, of distinct integers, we let red(c) be the permutation that results
by replacing the i-th largest integer that appears in the sequence o by i. For example, if 0 = 2 7 5 4,
then red(c) = 1 4 3 2. Given a permutation 7 in the symmetric group S;, we define a permutation
0 =010, € S, to have a 7-match at place ¢ provided red(o; ---0;4j-1) = 7. Let 7-mch(co) be the
number of 7-matches in the permutation o. To prevent confusion, we note that a permutation not having
a 7-match is different than a permutation being 7-avoiding. A permutation is called 7-avoiding if there are

no indices iy < --- < i; such that redfo;, ---0;;] = 7. For example, if 7 = 2 1 4 3, then the permutation
321465 does not have a 7-match but it does not avoid 7 since red[2 1 6 5] = 7.
In the case where |7| = 2, then 7-mch(o) reduces to familiar permutation statistics. That is, if 0 =

o1+ 0n € Sy, let Des(o) = {i : 0; > 0441} and Rise(o) = {i : 0; < 0;+1}. Then it is easy to see that
(2 1)-mch(o) = des(o) = |Des(o)| and (1 2)-mch(c) = rise(c) = |Rise(c)|.

A number of recent publications have analyzed the distribution of 7-matches in permutations. See, for
example, [EN03, Kit03, Kit]. A number of interesting results have been proved. For example, let 7-nlap(o)
be the maximum number of non-overlapping 7-matches in o where two 7-matches are said to overlap if they
contain any of the same integers. Then Kitaev [Kit03, Kit] proved the following.

THEOREM 1.1.

" T-nlap(o) __ A(t)
(1.1) Zng 1 ()_(1—x)+x(1—t)A(t)

n>0 = oES,

where A(t) = 3,50 %HO’ € S, : T-mch(o) = 0}].

In other words, if the exponential generating function for the number of permutations in S,, without any
T-matches is known, then so is the exponential generating function for the entire distribution of the statistic
T-nlap.

Mendes and Remmel [MRO5] proved a number of extensions of Kitaev’s result. For example, sup-
pose T C S;. We say that a permutation ¢ = o1---0, € S5, has an T-match at place i provided
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red(o; - --0i1j—1] € T. Let Y-mch(s) and Y-nlap(c) be the number of YT-matches and non-overlapping
T matches in o, respectively.

THEOREM 1.2. [MRO5]

o t" —nlap(o) inv(oc) __ AqT(t)
(1.2) ;Wa—; N ()_(1—x)+x(1—t)A3(t)'

where ‘Aq’r (t) = Zn>0 [n' ZUGS :Y-mch(o)=0 qzn’u(a)

More recently, a number of papers [KR05, KR06, L06] have considered a more refined pattern matching
condition where we take into account conditions involving equivalence mod k for some integer k£ > 2. That
is, suppose we fix k > 2 and we are given some sequence of distinct integers 7 = 71 - - - 7;. Then we say that a
permutation o = o1 - - - 0, € Sy, has a 7-k-equivalence match at place i provided red(o; - - - 044 j-1) = red(T)
and for all s € {0,...,j — 1}, 0445 = T14s mod k. For example, if r=12and c =517436 8 2, then &
has 7-matches starting at positions 2, 5, and 6. However, if £ = 2, then only the 7-match starting at position
5 is a T-2-equivalence match. Later, it will be explained that the 7-match starting a position 2 is a (1 3)-2-
equivalence match and the 7-match starting a position 6 is a (2 4)-2-equivalence match. Let 7-k-emch(o) be
the number of 7-k-equivalence matches in the permutation o. Let 7-k-enlap(c) be the maximum number of
non-overlapping 7-k-equivalence matches in ¢ where two 7-matches are said to overlap if they contain any
of the same integers.

More generally, if T is a set of sequences of distinct integers of length j, then we say that a permu-
tation ¢ = o1---0, € S, has a YT-k-equivalence match at place ¢ provided there is a 7 € T such that
red(o; - --0i4j—1) = red(r) and for all s € {0,...,5 — 1}, 0i1s = Ti4s mod k. Let Y-k-emch(o) be the
number of Y-k-equivalence matches in the permutation o and Y-k-enlap(o) be the maximum number of
non-overlapping Y-k-equivalence matches in o.

Then one can study the polynomials

(1.3) Trkn(z) = Z gTkemeh(o) — ZTf)kynxS and
og€Sn =

(1.4) Urpn(z) = Y aX oo = Z UY o
oESy

In particular, [KR05, KR06, L06] focused on certain special cases of these polynomials where we consider
only patterns of length 2. That is, fix k¥ > 2 and let Ay equal the set of all sequences (a b) such that
1 < a < b < 2k where there is no lexicographically smaller sequence x y having the property that © = a
mod k and y =b mod k. For example,

Ay=1{12,13,14,1523,24,25,26,34,35,36,37,45,46,47,48}.

Let Dy ={ba:abe A} and Ex = A U Dg. Thus Ej consists of all k-equivalence patterns of length 2
that we could possibly consider. Note that if T = Ay, then Y-k-emch(c) = rise(c) and if T = Dy, then
Y-k-emch(c) = des(o).

Kitaev and Remmel [KR05, KR06] found explicit formulas for the coefficients Uy ; ,, in certain special
cases. In particular, they studied descents according to the equivalence class mod k of either the first or
second element in a descent pair. That is, for any set X C {0,1,2,...}, define

— — —
e Desx(o) ={i:0; > 0,41 & 0; € X} and desx (o) = |Desx (o)]
—— — —
e Desx(o) ={i:0; > 0441 & 0i41 € X} and desx (o) = |Desx(0)]
In [KRO06], Kitaev and Remmel studied the polynomials
(1) AP (2) = 3, e, a®en@ = LR AR5 ang

n

(2) ng) (z,2) = ZO’ES Id—>eSkN( )Zx(olekN) EL 1 plk)

;]7

where kN = {0,k,2k,...}. Again both AP (x) and B )(a:,z) are special cases of Uy, (z). Then, for
example, Kitaev and Remmel [KRO06] proved there are two different closed formulas for the coefficients
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THEOREM 1.3. For oll0 < j <k —1 and all n > 0, we have

s . . n—1
AR = (k=D (=1 ((’“ AR ) <’“”jjj 1) L0+ 145+ (k- 1)
r=0 =0
= (k= D+ Y (- <(’“ St ”) (’Z‘fjf:) [T+ (e —1)0)

r=0 i=1

Liese [LO6] extended these results as follows. Let k > 2 and Y = {(x1,91), (x2,¥2),..., (2, y:)} be a
subset of Ay such that for all 4,5 y; =y; mod k. Then we define y = min({y1,...,y:}) and a = [{z; : @; <
y}|. We then let Asey k(o) ={i:0; < 0441 & 0, =x; mod k & 0,41 = y; mod k for some (z;,y;) € T}.
We shall call the elements of Ascy (o) the T-ascents of o and we let ascy (o) = |Asey i (0)]. Then for all
n>0and j € {0,...,k— 1}, we define

n

(1'5) U ke kntj (x) = Z 205¢r k() — ZU%,k,knJrjxs'

0ESkntj s=0
Then Liese [L06], proved the following.

THEOREM 1.4. Forally—k < j<y—1 and alln > s such that kn + 7 > 0, we have

U = (= gt | e (0 (B 0 Dy n>]

r=0
Ut ney = (6= Dt )t [ cpyemr (B 70000 (B T g, n>]
r=0
n—1 n—1
where T(r, j,n) = H((k —In+r+j+1—a—i(|YT]—1)) and Q(r,n) = H(r +a+i(|Y]-1)).
i=0 =0

2. ¢-Analogues

While we have been able to provide g-analogues for all of the above mentioned formulas, we will first take
a look at one of the simplest formulas and then one of the more general formulas. In the case where k = 2
and X = F ={0,2,4,...} is the set of even numbers, Kitaev and Remmel [KRO05] proved that the formulas
for A () = X pes, gdess simplify considerably. That is, if we let R, (z) = AP () = Eﬁé Rsnz®. Let
Ao, +1 be the operator which sends z* to sz~ + (2n — s+ 1)z® and T'y,,42 be the operator that sends z°
to (s + 1)2® + (2n — s + 1)2**!. Then Kitaev and Remmel [KR05] proved the following.

THEOREM 2.1. The polynomials Ry, (x)n>1 satisfy the following recursions.
(1) Ra(z) =1,
(2) Ront1(x) = Agny1(Ran(x)), and
(3) Ran+2(x) = Dany2(Ront1 ().

This fact gave rise to the following recursions for R, ().

(21) RS72n+1 = (S + 1)RS+172n =+ (2n — s+ 1)R5)2n
(2.2) Rson+2 = (s+1)Rsont1+ (2n— s+ 2)Rs_1 2041
It was through these recursions that Kitaev and Remmel were able to show that
i\ 2
(2.3) Rion = <k) (n!)?, and
1 n\>
= — 12
(2.4) R on41 Pl (k) ((n+1)H)7.

To prove g-analogues of the results, we introduce g-analogues of the operators A and I'. Let [n], =

14+q++¢" "1, [n]g! = [1g - [n]g, and [}] .= % Then we let A | be the operator which sends z* to
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[s], """ 4+¢%[2n — s + 1], 2* and T'§,, , be the operator that sends z° to [s + 1], ° +¢*"" [2n — s + 1] 251
Next we define g-analogues of the polynomials R, (), RS (2)n>1 = > ,_q RZ,,2*, via the following recursions.
(1) Ri(z,q) =1,
(2) Rgn-i-l(x’ q) = Agn-‘rl (Rgn (‘T))7 a'nd
(3) Rgn+2 (LL', q) = an+2 (Rgn-i-l (‘T))

This fact gives rise to the following recursions for the coefficients RZ , (x).
(2.5) Rionyr = [s+1,Ri,, +¢*2n—s+1] R,,
(2.6) Rionys = [s+1,Ris+a"[2n—s+2] RI_ 5,44

We can then show that the solution to these recursions are

THEOREM 2.2.

Rl = o) [’,j];(mq!)?, and
Rl onir = %m;([nﬂw

The operators A ., and I'] , give rise to a natural g-statistic on permutations which is similar to the
major index statistic. For any permutation o € Sy, maj(0) = > ;e pey(o) i Foata [F68] showed that the
maj statistic satisfies some simple recursions. That is, for any permutation 7 =77 ...7,_1 € S,_1, we label
the spaces where we can insert n into 7 to get a permutation in S,, as follows.

(1) Label the space following 7,1 with 0.

(2) Next label the spaces that lie between descents 7; > 7;41 from right to left with the integers
1,...,des(T).

(3) Finally label the remaining spaces from left to right with the integers des(t) 4+ 1,...,n.

Thus, for example, if 7=39 2854 16 7, then spaces are labeled as follows:
53597278357471565 75
Then Foata proved that if 7(?) is the result of inserting n into the space labeled 7, then for all i € {0,...,n},
maj(T(i)) =i+ maj(T).

In our case, we can use a similar labeling procedure to define a statistic EFmaj such that RZ(z,q) =
. o« —
ZUESn qFmaei(o) gdese  Given any permutation o = oy --- 09, € San where desg(o) = s, we first label the

possible spaces where we can insert 2n + 1 to get a permutation in Ss,41 such that CEE(U) = s — 1 with
the integers from 0 to s — 1 from right to left. These are precisely the spaces that lie between descents
0; > 0,41 where o; is even. We then label the remaining spaces from left to right with the integers from

bl
sto2n. If 0 = 010941 € S2nt1 where desg(o) = s, we first label the spaces such that we can insert

2n+ 2 to get a permutation in Sy, 42 where C(ESE(U) = s with the integers from 0 to s from right to left. In
this case, the first such space is the space following 9,41 and the remaining spaces are the spaces that lie
between descents o; > ;41 where o; is even. We then label the remaining spaces from left to right with the
integers from s+ 1 to 2n + 1. We will call this labeling the E-canonical labeling of 0. For example, suppose
0=39285416 7. Then the E-canonical labeling of ¢ is

Given o € S,,_1, we define (o | k) to be the permutation in S, that is obtained from o by placing n in
the position that was labeled with k under the E-canonical labeling.
Given o € S,, where 0 = (7 | k) for some 7 € S,,_1, we now recursively define Emaj(o) as follows.
(1) If n=1, Emaj(c) = 0.
(2) If n > 1, Emaj(o) = k + Emaj(r).
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With this labeling scheme, it is clear that
n+1
Z gFmail(els)) — [n+1] gFmai(@)
§=0
and thus
Z quaj(U) _ [n]|
oES,
In other words, the statistic is Mahonian. Then we can easily prove that

THEOREM 2.3.

RY(z) = Z xd‘_esm)quaj(o) - Z R 2~
ogES, k=0

We will now turn to a more general g-analogue. Let us examine the g-analogue of the polynomials
U{(1k)},k,n($)- For j=1,...,k—1, let App4; be the operator which sends z* to sx*~t+ (kn+j — s)z® and
Tknitk be the operator that sends x° to ((k—1)n+k+s—1)z* + (n — s+ 1)z**L. Then one can easily show
that the polynomials Ug(1)},k,n () are defined by the following recursions.

(1) Ugaryypa(e) =1,
(2) Forj=1,....k =1, Uar)}.kkn+5 (T) = Dknti (Ugam)y ke kntj—1 (7)), and
(3) Uraamykbn+k(®) = Crna e (Ugir)} ko kntk—1 ()

We then define g-analogue these recursions as follows. For j = 0,...,k — 2 let Aznﬂ be the operator
which sends z* to [s],27 + ¢[kn + j — s]q2® and T',4 be the operator that sends z° to [(k — 1)n + k +
s — 1]qa® + g Vnthts=1lp — 5 4 1]z5+1. Then we define g-analogues of the polynomials Uy(1x)}1.n () by
the following recursions.

(1) U?(lk)})k)l(x,q) =1,
S q _ Al q
(2) Forj=1,....k—1, U{(lk)},k,kn+j (x,q) = Akn-i-j(U{(lk)},k,kn-i—j—l(I’ q)), and
q _ 14 q
3) Ugamykpnsr (@@ = Dok Ulanyy ko knin—1 (@0)-

Then we can show that if U?(lk)},k,knJrj (z,9) =>", U{S{({k)},k,knﬂlvs, then we have the following.

THEOREM 2.4. For oll 0 < j <k —1 and all n such that kn + 5 > 0, we have

U“{S()lik)hk,kn"rj =

S
s ke

—0 T S—rT
and
U =
{(1k)},k,kn+j
. — n—s—r ("7 =(")=r(n—s—r)— (") +s(kn+j n k—ln—Fj—l—T kn+.]+1
[k = D+ Y (~1)rms g )= @) mrtnmemn= () wstnta) gy 4 {( )r ] [n_s_r
r=0 q q

We can give a labeling procedure similar to one described for Emaj to recursively define a statistic
(1k)maj such that U?(lk)},k,knJrj (z,q) = ZUGSMH q(lk)maJ(U)xllSC{(lk)},k(G’)_

It is interesting to note some differences between the proofs for the formulas of the above g-analogues
and their respective ¢ = 1 case. In the ¢ = 1 case, we can give direct proofs of the extreme coefficients. That
is, we can give direct combinatorial proofs of the fact that

Uk kgnsy = (k= Dn+ )1 ((k = 1)n +5)" and
Uk kknts = (B =1)n+ j)!

Then the two formulas for U{S(lk)})k),mﬂ arise by, first, starting with the formulas for U?(lk)}7k7kn+j and
using the recursion to iterate up to the formulas for U{S(lk)} koknet and, second, starting with the formulas

for U?(lk)})k),mﬂ and using the recursions to iterate down to the formulas for Uﬁ;lj)}7k7kn+j.
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In the general g-case, the strategy does work since we can not give direct combinatorial proofs of both of
the formulas for the coefficients U?(’fk)})k)knﬂ and U?(’lqk)})k)knﬂ using our statistics ¢(1F)mai(@) gasciamy k(o)
Thus we have to prove our formulas by assuming that they hold at level kn + j and use the recursions to
prove that they hold at level kn+j+1for j =0,...,k—1 and n > 0. In such a case, one has to be careful
of what happens at the extreme cases, U{_(i;f)L koknt and U&J{;)‘]{ koknt where the answers must be 0 by our
definitions, but where our formulas still make sense. That is, typically, our formulas look like a sum from
either 0 to s or from 0 to n — s. So, in one of the extreme cases, we can interpret the sum in our formula as
the empty sum and is therefore zero by convention. In the other extreme case, we need to show explicitly
that our formulas are zero when they are summing from 0 to n + 1. It turns out that in such cases, we
can give a direct combinatorial proof that the desired coefficient is 0. For example, we can give a direct
combinatorial proof of the following.

THEOREM 2.5. For all positive integers k,n,j,z1,...,2, and any function 0(r) where kn + j > 0,
O0<z<(k—1n+j,and0(r+1)=0(r)— (n—r),
n+1 n .
_ kn+j+1
-1 n+l—r 9(7") 5 = 0
S T, o]

In [LO6], Liese provided another formula for U {S(lk) which was obtained by directly applying

inclusion-exclusion. That is, he showed that

bk kntj?

n

S r—s r .
Uiy kknti = Z(—l) <S> (kn+j =) Sni1mnp1—r

r=Ss
where S, 1 is the Stirling number of the second kind, i.e. Sy, j is the number of set partitions of {1,...,n}
into k parts. We conjecture a g-analogue of this formula as well.
n

S, r—s ("T14r((k=Dn+H)— ("I 4+ns |7 .
U{(({k)},k,knJrj _ Z(_l) q( 3 ) Hr((k=D)nt5)— (") + L] [kn+j —r]q!SZH)nH,T
q

T=Ss

where th i is the g-Stirling number of the second kind that defined by the following recursion.
Sg.,o = lasz)k =0ifk<Oork>n, and,
S e =Sn 1t SE 0k <n

qg~n—1,
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