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JPPERMUTATION ENUMERATION IV

O=01...0n €S, assume 0,11 =n+1

Des(o) ={i:0; > 041} Rise(o) ={i:0; < 011}
des(o) = |Des(o)] rise(o) = |Rise(o)]
maj(a) — ZiEDes(a) ’ CO?TLCLj(O') — ZiERz’se(a) 2

rimaj(o) =3 icpesoy® — 1 Tlecomaj(o) =3 icpise(o) ™ — 1
inv(o) =3 . x(oi > 0j) coinv(o) = ) ;.. x(oi < ;)
exc(o) = {1 :1 < o;}| dec(o) = |{i:i> o0}

where for any statement A, y(A) =1 if A is true and x(A) =0if A

is false. Also if al,...,a” € S, then we shall write
comdes(al,..., o) = | ﬂle Des(a)|.
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[n]p7q :pn—l _|_pn—2q_|_ .. _|_plqn—2 + q’I’L—l — b —gqg .
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1) 220:0 ’tf%_' Zaesn rdes(o) — —x—i—lez(xw—l)

(2) (Carlitz 1970)

o0 u" comdes(o,7) __ 1—x
Zn:O (n)2 Z(J,T)ESnXSn X deslom) = —z+J(u(x—1))"

3) (Stanley 1979) 307 iy > e g, @ gm(@) = —doa o

4) (Stanley 1979) 307 iy 3 o, wde(?)qeom o) = — b s

5) (Fedou and Rawlings 1995)
Zoo u” Z(O’T)Esnxsn wcomdes(a,T)qznv(a)pan(T) —

n=0 [nJ,![n],!
1l—=x

—z+Jg,p(u(z—1))"

n

J) = s o W) = X

n=0

A3,
Eq(u) = > [;f]n!v and  Jgp(u) = . [n];JiFn]p!q(Q)p(Q)'

n=0 a n=0
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6) Foata-Han (1997)
Let (,q9)o =1 and (z,q), = (1 —2)(1 —qz)--- (1 — ¢" ') for
n > 0.

Cn(Z, T,q, v, p) — Z Zcomdes(a_l,T_l)wdes(a) qumaj(a)yrise(T)prlcomaj(T) .
(o, 7)ESH XSh

Ztn Cn(z,2,4,9,p) S ﬂs'y_ - _

n>0 D1 (Ys P)nt1 i.i>0 i+ 1 j+n

Sl Bz = 1))
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7) Remmel-Mendes (2004)

Ry(z,%,¢,y,p,Q, P) =

Z(Oé,ﬁ,%cs)ESffL Zcomdes(a—l,ﬁ—l,%5) mdes(a)qumaj(a)yrise(ﬁ)prlcomaj(ﬁ) Qinv(’y) Pcoinv(5)

and set
n mn ) 1 ‘
q(2)Q(2) L J+n
n n
F*(t,q,p,Q,P)= > t" - —— -2
;O n]o!(n]p!

Then we can use the combinatorial mechanism described above
with 4-tuples of permutations instead of pairs of permutations to

prove that

RH(Z7I7Q7y7p7Q7P)tn i 1 1—t
Z = Z x'y’ — ,
= Q! nlpl(@ Qo (v P 2277 —tH F(H(z = 1),¢,0.Q. P)
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Extensions of the Previous Generating functions

Fix a finite set S C {1,2,...}.

1) > so T Zaesn,sgDes(a) zdes@)

comdes(o,T)

o0 u™
2)z:n:O (n!)2 Z(J,T)GsnXSn,SgComdes(a,T) X

3) ZZO:O % ZJESn,SgDeS(J) xdes(a)qinv(a).

|
ql

)30l T e, SCDes(o) T,

comdes(o,T) qinv(a)p’mv(T) .

5)220:0 m Z(U,T)ESnXSn,SQCOmdes(J,T) L
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Elementary & homogeneous symmetric functions

The n'? elementary symmetric function e,, is defined by

Z ent” = H(l + x;t).

n>0 )

The n*" homogeneous symmetric function h,, is defined by

. 1
Zhnt znl_m.

n>0 )

The n* power symmetric function p,, is defined by
Pn = Z x; .
i

If A= (\1,...,Ar) is a partition, then
k k k
ha =1Lizi by ex =112y ex, and px = T [;; pa,
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I
>
S
~
S

S: <S:(_1)ieihni

n>0 \:=0

Z?:o(_l)ieihn_i =0 for n > 1.

2nz0 nt" = (= :

n>0 €n(—t)n) .

>tn1
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Brenti(1993) Define a ring homomorphism & : A — Q[z] by setting

(CB o 1)k—1
k!

where ey, is the k-th elementary symmetric function and £(ep) = 1.

lex) =

n|€ Z xdes(a) and _€ p)\ Z xexc(a) (1)

oc€Sn oc€Sn(N)
where if A = (1"1,2™2, ..., n™n) is a partition of n, then S, () is
the set of permutations in S,, with cycle type A, and

o n M

10
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Let T = (z1,x2,...) and A = (A1,..., \¢) F n,

ha(E) = > @iy eem, ha(T) = ha, (&) ha,(2)
1< <<y,

en() = Y myem, (@) =ex,(T) e, (T)
1Si1<"'<7:n

pu(T) = Zfﬂ” PA(T) = pa, (T) -+ P, (T)

We are interested on the expansions.

ha(@ = 3 (-1 VB, e (@)

ukEn

pu(@) = ) (—1)"""Nw(B), uex(T)

ukEn

(Egecioglu and Remmel 1991)



JPPERMUTATION ENUMERATION IV

A-Brick Tabloids and Weighted A-Brick Tabloids.
Suppose that A = (1,1,2,2) and pu = (2,4).

B)\”u = 4 and w(B)\’M) = 10

M-bricks

W(Tl) =2 W(TZ) = 2

w(Ty)= 4 w(T)= 2
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A link from A to permutation enumeration

For oy - -0, € 5,,
des(o) is the number of times o; > 041,

ris(o) is the number of times o; < ;411 where 0,11 =n + 1.

Fx. Letco=12 9 7 2 6 8 10 1 3 4 11 5.

Then des(o) =5 and ris(o) = 7.

13
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Let f1: {0,1,...} — Qlz, y] such that:

f1(n) = 1 itn=0
1 () @—y)"" i1

Define £/t : A — Q[z, 9] as a homomorphism such that

(=1)"
n!

M (en) = fi(n).

Theorem.
n'€f1 Z zdes(o) ms(o)

oc€esS,,

14
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Proof.
It (hn) = nl) (=1)" "By T (en)
AFn
0(N) (—1)™
= n'z )tV B nH ol f1(A:)
AFn 1=1

= D (Al n Ag)Bx,n(—l)“”fl(M)“'le)-

AFn
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We have

AFn

from which we create the following objects:

16
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We have

n

CACSEDS (W R VLN R Y

from which we create the following objects:

11 -6 -2 |(10- 5.3 1|8|12 - 9|7 4
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We have

M () = (=D i) - fi(0)

from which we create the following objects:

X YTy X Y Y Y Y Y
11 6 2 |10-'5 3 11| 8 |12 9

~ X
A~

fi(n) = (—y)(z — y)”_l forn > 1
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We have

e (hy,) =

(1)

from which we create the following objects:

XY Ty
11 - 6 2 |10

X

5 .

3 .

y
1

~ X

Let Ty, be the set of objects created in this way.

19
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The weight of T' € T¢,, w(T), is the product of x,—y, and y labels.

n!§f1<hn): Z w(T).

TE‘Tfl

An involution will rid us of all T' € T, with negative weights.

44

Scan left to right for a “—y” or two consecutive bricks with a

decrease between them:

Xy [y xXx.-=y-y Y| Y
11 6 -2 |10 5 3 1 8 [12 - 9

~ X
D
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If a —y is found, break the brick in two and change —y to y.

If a decrease between two bricks is found, combine the bricks and

change y to —y. In this way,

X Xy |y X =y Yy YI|Y Y| X Y
11 6 + 2 (|10 - 5 - 3 1 8 [12 9 7 4
1s sent to
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A fixed point under this involution:

XY XXXy y Xy
11 . 6 -2 |10 5 3 1|8 |12 7

© X
D

A fixed point can be read as an element in S,,:

11 6 2105 3 18127 9 4

Therefore,

W) = Y w@) = Y w(T)= 3 atese)yris)

TEfol T is a cEeS,
fixed point

22
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This gives a generating function:

Z%T: S pdes@)yris(e)

" o€eS,

n>0

23
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We just

1. Defined f on {0,1,...} and ¢/ on A such that

ff(en) =

2. Applied &/ to nlh,, and decorated brick tabloids

3. Performed an involution to find objects corresponding to

permutations

4. Found a generating function from the h,, and e,, relationship

24
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T-matches

Given a sequence o = o1 - - - 0, of distinct integers, let red(o) be the
permutation found by replacing the i*" largest integer that appears
in o by ¢. For example, if o =2 7 5 4, then red(c) =14 3 2.

Given a permutation 7 in the symmetric group S;, define a
permutation ¢ = o1 -0, € 95, to have a T-match at place 1
provided red(o; - - - 04+j—1) = 7. Let 7-mch(o) be the number of

T-matches in the permutation o.

Let 7-nlap(o) be the maximum number of nonoverlapping
T-matches in ¢ where two 7-matches are said to overlap if they

contain any of the same integers.
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Kitaev’s Theorem

E ( E :xTnlap

| o€eS,

where A(t) = >>7 L|{o € S,

A(t)

T (1—z)+z(1-t)A®

: 7-mch(o) = 0}/.

(2)

26
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Suppose T C 5.

We say that a permutation ¢ =01 ---0, € 5,, has an T-match at

place i provided red(o; ---0;4;-1) € Y.

Let T-mch(o) and Y-nlap(o) be the number of T-matches and
nonoverlapping T matches in o, respectively.

27
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Theorem 0.1.

>

where A} (t)

| oceS,

Ag ()

Z QST nlap(o) znv(a)
(1—2)+ x(1 — t)AqT(t)

o0 t" ;
— Zn:O n]g! ZO‘ESn:T-mCh(J):O qznv(a) :

(3)

28
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Proof of Kitaev’s theorem

Suppose we fix 7 € S;.
For a permutation o € 5,,, let

Mch, (o) = {i:red(0i41-- - 0415) =T}

I. ={1 <i < j:there exist 0 € S;4; such that Mch, (o) = {0,i}}.
a=2143.

Mcha (2 14 3 6 5) = {0,2)
Mch,(3254176)={0,3}. Therefore 2,3 € I,.

I, = {2,3).

29
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Let I* be the set of all words with letters in the set 1.
We let € denote the empty word.

If w=w; - -w, €I’ is word with n-letters, we define

l(w) = n, Zw:Zwi, and ||w||:j—|—Zw.
i=1

In the special case where w = ¢, we let {(w) =0 and > w = 0. Let
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Let

AT:{wEIj:K(w)ZQandZw<j} and

Bu,T:{wl-o-wnEI;k:ng--own—l—Zu<jSZwl--own—l—Zu}

for each word w € I* with > u < j.

vy=214365
17:{275}
A, = {22}

Bos ~ = Bs 4 = {2,5}
B, = {22,52,5).
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0=152738496.

Is = {2,4,6,8}.

As = (22,24, 26,42, 44, 62, 222, 224, 242, 422, 2222},
Bas = {8,26,46, 66,86, 44, 64, 84, 224, 424, 624, 824,
82, 62,242, 442, 642, 842, 422, 622.822, 2222, 4222 6222, 8222},
Bus = Boss = {8,6,24,64, 84, 82,62, 42, 222, 422, 622, 822},
Bos = Boss = Buog = Bosss = {4,6,8,22,42,62,82),  and
Bg s = Bag,s = Baa,s = Be2,s = Baoa s = Boaz s = Baza s = {2,4,6,8}.
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Form a new alphabet
K,={uw:vel.}u{w:we A}

We let ¥ : K* — I* be the function such that ¥(e) = € and

U (wy -+ W) = Wy ... Wy

For example, if r=~v=214 3 5 6 as above, then

U(5 22 225)=522225.

33



JPPERMUTATION ENUMERATION IV

Define J, in the following manner.
1. e € J,.
2. v J, forallv e ..
3. fwy---w, € J,, thenw wy---w,, € J, for all u € By, +

4. The only words in J, are the result of applying one of the

above rules.

Take .J, = ¥(J,).

T=v=214356. Then

34
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Let

P, = {0 € Sjjw|| : Mch,(0) = {0, w1, wi+ws, ..

and PT = {7}.

L W1t wat- - Fwy }}

35



JPPERMUTATION ENUMERATION IV

Key observations. Suppose we are given

U="1y---U €J, and U(U) = wy - - wy.
) w=wy - w, € J,.

2) If 0 € P],, then

Mch, (o) = {0, w1, wy + wa, ..., w1 +ws + -+ + wy }.

We can scan o to discover that there are 7-matches at positions

IL1+w,14+w +wsy,...,14+w; +wy+---+ w, so that we can
recover wi, ..., W, from o.

3) We claim that @ can also be recovered.

36
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As an example, consider w = 222252222225 € J, where
v=214365. The algorithm would proceed as follows.

Step 1. u; = 5.

Step 2. Uy = 2 since 2+ 5 > 6.

Step 3. uz = 22 since (2 +2) +2 > 6.
Step 4. Uy = 2 since 2 + (2 +2) > 6.
Step 5. Uz = 22 since (2 +2) +2 > 6.
Step 6. Ug = 5 since 5 + (2 + 2) > 6.
Step 7. uy = 2 since 2 + 5 > 6.

Step 8. ug = 22 since (2 +2) +2 > 6.

Step 9. Ug = 2 since 2+ (2 +2) > 6.

Thus w= 02222522222 2 5).
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The Ring Homomorphism ¢

Let

fln) = (=1)"ifn=0,1 )
fin) = (1—z) > (=)' P| forn>2.

we T, | |wl|=n

Let £ be the ring homomorphism on A with the property that

{len) =

38
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39
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1) Use the By, term to choose a brick tabloid 7" of shape (n) filled
with bricks b1, ..., by, reading from left to right, that induce the
partition A.

2) Use (%) to select pairwise disjoint subsets of {1,...,n} of size
b;| to assign to the bricks b; for e =1,...,¢.

3) We are left with factors of the form (—1)*™ and f(A1)--- f(\e)
to aid in the construction of elements in the set 7.
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3a) Bricks of length 1.
We have —1 coming from the factor of the form (—1)*. and a
factor of —1 = f(1) coming from f(A1)--- f(Ae).

Thus each brick of size 1 is filled with a number and has weight 1.

41



JPPERMUTATION ENUMERATION IV 42

3b) Bricks b; with |b;| > 1

We use the f(|b;|) term to do the following things.

(i) pick w € J; such that ||w|| = |b;| and select o € P].

(ii) Reorder the elements assigned to b; so that the numbers are
equal to o when written as a permutation of 1,..., |b;].

(iii) If w = i14g - - - i, then let W = %y - - - u; be the word in J, such
that U(u) = w and let u; = V(u;) and j;, = > u,; fori =1,...,1t.

Place a —1 on top of the cells 71,71 + j2,- -+ , 71 + J2 + - - - J¢ in b;.
This accounts for the (—1)4*) term.

(iv) Finally, the product of the —1 coming from the (—1)*®") and
the term (1 — x) coming from f(|b;]), leaves us with an z — 1 term.
Thus we make the choice of either placing an x or a —1 on the last
cell in the brick.
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To re-cap, our construction gives a that elements 1" € T, are brick
tabloids filled such that

e cach integer between 1 and n appears once in 7',
e a brick of length 1 contains one integer,

e a brick b of length m > 2 contains an ordered sequence of
integers which reduces to o for some o € P such that
w = i11g -1 € Jr and ||w|| = m. We can then find
W=7y - U €J, such that ¥(u) = w, and set u; = ¥(u;) and
j; = > u; for i =1,...,t. Then there are —1 on top of the cells
91,91+ J2,-..,91 +J2 +--- ¢ in b and a choice of either x or —1
for the terminal cell of b.

e if there is no w € J; such that ||w|| = m, then there are no
bricks of length m.
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For instance, suppose that 7 =1 3 2. Then it is easy to see that
I, = {2} and J, = I = {2}*. A brick tabloid T' € T, may be found

below.

Define the weight of T' € T, w(T), to be the product of all of the
powers of x and —1 in the tabloid. From our construction,

n'g(hn) — ZTe‘J‘T w(T)
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The sign-reversing involution J,
Scan the bricks of T' € T from left to right looking for the first of
the following situations:

Case 1. j consecutive bricks of length one such that the integers in
these j bricks form a 7-match.

Case 2. a brick b of length j with a weight of —1

45
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Case 3. i bricks of length 1 followed by a brick b of length m > 2
such that

(i) b contains a sequence of integers which reduces to some o € P,
where w = wjws - - - wg, € J; and ||w|| = m,

(ii) there is a word u; - - - @, € J, such that

U(uy -+ Uyp) = wiws -+ -wg and V(uy) = ug € A,

(iii) if one concatenates the integers in the ¢ bricks before b with the
ordered sequence in b, this sequence reduces to some o € P, where
v="wv1 - v;w1 - wg € J. and there is a word @ wy - - - U, € J.- such

that \I’(ﬂ ﬂl'”ﬂq«) = vy VW - - Wy and \If(ﬂ) = V1---V; € BT,ul.

Case 4. a brick b’ of length m > j.
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47

-1 —1

7 3 11 10 12 9 2
—1

7 3 11 10 12 9 2
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Fixed points of J,

Tabloids which have only

(i) bricks of length one or

(ii) bricks of length j with a weight of # whose integers form a

T-match.
Each such fixed point T' may be associated with a permutation o of
n written in one line notation by reading the integers from left to

right.

The number of bricks of length j weighted by x is 7-nlap(o).
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X in
Z_' E : :L,T—nlap(a)
n:OTL

" 0ES,
1

B 1+ Zzozl (en)

1

1 —1t+ ZZOZQ %(1 — ) ZwEJT,HwH:n(_l)Z(u})|g)’7t_u‘

49
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Then setting £ = 0 in the above equations,

Alt) = 1+ Z %\{a € Sy, : T-mch(o)
n=1 "

1

= 0}]

0o tn
L—t+ ) o o7 2owed, |jw]|=n

(~1)f Py |

50
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Thus

Z Z_”; Z (—1){)|p7 | = ﬁ — (1 —1).

n=2 'UJEJTanHIn

and

T-nlap(o) __ 1
Z Zx o 14> Een)

oceS,

1 —t+(1—:p)(A}t) — (1 1))
_ A(l)
C (1—2) -2l —t)AR)

51
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Corollary 0.2. For any permutation T,

oo tn
At) = 1+ Zl HHU € Sy : 7-mch(o) = 0}

B 1
1 _t+2n 2 n' wEJT,||w||:n(_1)£(w)‘:PQ|

Corollary 0.3. For any permutation T,

Z Z 7" -nlap(o) _
! oeS,
1

=1+ (1 _SE) 2?22 7751_”' wEJT,||w||:n(_1)£(w)|j};‘

52
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Example r=7---21
I, ={1}, By, ={1V71}.
J,={1, -1, 115-11, 19-111-11, ...}

X in
E :t_ E :IT-nlap(a) _ 1

n! 0o ¢in oo tintl )
n=0

" oEeS, 'ZI;(]' _ t) + (1 o SE) (Zn:O (7—7@)' o zn:O (jn+1)!

Special cases of the above expression sometimes simplify nicely; for

example, when j = 2:

et

(1—2x)+x(1 —t)et’

and when j = 3:

/2

x(1—t)et/2 + (1 — x) (cos (73t> — 73 sin (%t)) |
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Example 7 =1 3 2.
I, =2. J, =1I*={2}*". Suppose that o1 ...09,13 € PJ..

(I) Since there is a T-match starting at position 2¢ + 1 for

1 =0,...,n, it must be the case that 09,11 < 0919, 09,13 for
1 =0,...,n. It follows that o7 =1 and o3 = 2.

(IT) o5 can be any element of {3,...,2n 4+ 3} and that
I‘ed(0'3 ce O'2n+3) < P2Tn_1 if n > 1.

(IT1) |P3.| = (2n+1)|Pg_,| if n > 1.

(IV) Since PJ, =1, it follows by induction that
\PL.|=0C2n+1)!!'=2n+1)2n—1)---3-1 for n > 0.
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oo

tn
Z ﬁ‘{a € Sy : Mchysa(o) = 0} =

n=0
1

L=t 4 30 (=) P32 sy,
1
00 n(TT" : 2nis
L—t+ 300 (=) (I T30 (2 + 1)) oy,
1
1~ [ eap(—2/2)dt

By Kitaev’s Theorem

n 2 -
1—|—Z ﬁ Z IT—nlap(a) _ (1—t£13—|—(513— 1)/6_75 /th)

n>1 oS,

in the case =1 3 2.



JPPERMUTATION ENUMERATION IV 56

T-matches: T C S|

Mchy (o) = {i : red(0iy1---0iy;) € T} and
Iy = {1 <14 < j:there exist 0 € S,4; such that Mchy (o) ={0,%}}.
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AT:{w€I§:€(w)22andZw<j} and
BU,T:{wl---wnEI{'}:ngo--wn—l—2u<jSZwlo--wn—l—Zu}

for each word v € I3 with ) u < j.

We also set

9325 = {0 € S|jw|| : Mchy (o) = {0, w1, w1 +wy, ..., wi+ws+- - +wy}}.
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Form a new alphabet
KT:{ﬂ:uEIT}U{w:wEAT}.

We define the natural map ¥ : K} — I3 such that U(e) = € and
U(wy - --Wy,) = Wy ...w,. Define Jy recursively as follows.

1. 667'{.
2. 7€ Jy for all v € Iy.
3. fwy---w, € Jy, thenw wy---w,, € Jy for all w € By, 7.

4. The only words in Jy are the result of applying one of the

above rules.

Let Jy = \If(jT)
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JPPERMUTATION ENUMERATION IV

The Homomorphism &,(n)

fq(n) = (=1)"ifn=0,1
fon) = (1-z) >

lw][=n,weJy

otherwise.

(_1)Z(w) Z qinv(a)7 n > 2.

ocePl
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JPPERMUTATION ENUMERATION IV

Theorem 0.4. For any set of permutations T C S, where j > 1,

PITREE SR e

n=0 £ c€Sy:Mchy (o)=0

1
1 =1+ 22022 #nq! wEJT,||w||:n(_1)Z(w) ZJECPE qinv(a)

and

- t_ —nlap(o) znv(a) _
Ll

1

1 =1+ (1 o CE) 2?22 #nq! wEJT,||w||:n(_1)z(w) ZGECP% qinv(a)
Ag (#)
(1—2)+z(1—-t)AL (L)
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JPPERMUTATION ENUMERATION IV 61

T-matchings for m-tuples of permutations.

For example, if T = {3 1 2,2 1 3} and m = 2, then the pair
0! =214376985(11)(10) and 0°=215396784(10) (11)

has MchZ (o1, 02) = {0,2,7}, so that (0!, 02) is an element of P, 2.



JPPERMUTATION ENUMERATION IV

The Homomorphism for m-tuples of permutations. Let

q’: (Q17 R 7Qm)

Ugm(n)=(—=1)"ifn=0,1and

Upm(n) = (1=2) >, (=)' Z [T

weJ,||w||=n (ol,... yepLmi=1
()

otherwise. Let £y g, be the ring homomorphism on A with the

property that

) (6)

1=1 [n] qi*

&, q,m(en) = i
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JPPERMUTATION ENUMERATION IV 63

Theorem 0.5. For any set of permutations T C S, where j > 1,
ATaq_:m(t) —

n

> T > [ -

( yooryom)eS™: Y -commch(ol,...,c™)=01=1
1

l ZwEJT |[wl]= n( 1)£(w) Z(U Lom)EPLT Hz 149 znv(a )

1_t+2n 2Hm n|

q;

and
Z Z xT-comnlap(al,...,om) H q;ﬁnv(oi) _
H’L 1 ]q% (O' O.m)GsT?Z’L 1=1
AT’q’m(t) B
(1—2)+x(1 —t)ATTm(t)
1
1—t+ (1 — CE) Zn 9 Hm 7 ZwEJT ( 1)z(w) Z(o‘l’, myePpLm Hz_ znv(cﬂ)

[Jw|[=n



JPPERMUTATION ENUMERATION IV

Matching in Words For m > 1, let {1,...,m}! be the set of all
words of length n in the letters {1,...,m}.

For v € {1,...,m}7, we define a word w € {1,...,m}} to have a

v-match at place ¢ provided w; - - - w;4;_1 1s equal to v.

Similarly if A is a set of words in {1,...,m}*, we define a word
w € {1,...,m}} to have a A-match at place i provided
Wi Witj—1 € A.
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JPPERMUTATION ENUMERATION IV 65

Ifv=wvy--v, €{1,...,m}*, we define

Mcha (v) = {7 : vig1 -+ viy; € A} and
In = {1 <i < j:there exists a word v such that Mcha (v) = {0,i}}.



JPPERMUTATION ENUMERATION IV 66

Theorem 0.6. For any set of words A C {1,...,m}* where j > 1,

A1) =1+ ithv e {1,....,m}’ : Mcha(v) =0}

1
1 —mt+ Z?:Q £ ZwEJA,HwH:n(_l)z(w) “‘P?%‘

and

oo

4 Z xA-nlap(v) _
0

n= ve{l,....m}*
1 _
A%(t)

(1—2)+x(1 —mt)A>(t)



JPPERMUTATION ENUMERATION IV

We note that in the special case where A consists of a single word
v, Kitaev and Mansour proved

. n v-nlap(v) __ AA(t)
Ot Z BT = (1 —2)+2(1 —mt)A>(t)

n= ve{l,....m}*
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JPPERMUTATION ENUMERATION IV

Example m =2, k=2, A = {v} wherev =21 2.
12 = {2}, J2 = {2}*, and |P2.%| =1 for all n.

oo

AR2(t) =) " {(utu?) € ({1,2}%)?

n=0
1
1 —4t+ > 7 32 (=1)»
1+ 2
1 — 4t +t2 —3t3

Hence

00
_ 1,2
E :tn E : IA comnlap(u”,u®) __

n=0  (u'u?)e({1,2}*)?

: A-commch(u', u?) = 0}

1+ ¢
1l — 4t 12— 33 — g3
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JPPERMUTATION ENUMERATION IV

Finding generating gunctions for the total number of

T-matches

Suppose that I, = {k;} where 2k, > j.

We break A(t) into k, pieces. For 0 < m < k,, let
A (t) =202 "7 (A s )

k,—1
Aty = 14 )  An(t)
m=0
SWLNCD
An(t) = — et M A (e it
kr (=0
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JPPERMUTATION ENUMERATION IV

Let ¥ be the homomorphism defined on e,, such that

1 if n =0, and

J(en) = . ,
(=)™ (—2)(1 —2)" A(t)|;nr, ifn>1.

Let 0 <m < k,. We will apply ¢ on the recursively defined
symmetric function with parameter a function. This function will
weight the last brick in a brick tabloid differently than the other
bricks, is v defined by

I
A)]ees

The homomorphism ¥ and the function v can be used to prove

v(n) =
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JPPERMUTATION ENUMERATION IV

Theorem 0.7. Fort € S;, if I, = {k,} where 2k, > j, then

Z "5 rmento) _ Sz (L= )™ An (1101 7)

(1—xz)—xzAp (t /1 —x)

| o€ES,,

71



JPPERMUTATION ENUMERATION IV 72

Example 7 =13 2, [, = {2}.

Alt) = i %{a € S, : 7-mch(o) = 0}] = (1 _ /e_t2/2 dt)—l |

n=0

Ag(t) = A(t)+2A(—t) 1

Ai(t) = A(t)—A(=t)

0 ,n —1

Z t_' Z CET_mCh(U) _ (1 . /6t2(q3—1)/2 dt) .
mn.

n=0

ocES,



